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" Classical Witt vectors are a functorial construction that takes perfect fields k of characteristic p 

to domains W(A;) of characteristic with residue field k. This is surprising, as most functorial 
operations in algebra take rings of characteristic p to other rings of characteristic p. For a perfect 
field k of characteristic p > 0, the ring of classical Witt vectors W(/c) is a minimal example of 
a complete discrete valuation ring unramified at p with residue field k. These are of interest in 
^ number theory [9] , Galois theory O |T3] , algebraic groups [inj and Fontaine rings |T3j . 

The construction of the classical Witt vectors uses the Witt polynomials to define certain 
, ^ , addition and multiplication polynomials with rational coefficients which do not obviously have 

^ integral coefficients. A. Dress and C. Siebeneicher generalized the Witt polynomials to a family of 

J> multivariable polynomials associated to any profinite group G Like classical Witt polynomials, 

these polynomials obviously have Q-coefficients and a significant theorem of Dress and Siebeneicher 
^2 shows that they in fact have integral coefficients. Thus one can use these polynomials, in an 

analogous way to the construction of classical Witt vectors, to define a functor Wg- on the category 
of commutative rings for each profinite group G. For infinite pro-p groups G, the ring Wc retains 
the surprising property of taking rings of characteristic p to rings of characteristic 0. 
^ The rings are called Witt-Burnside rings since when G = Zip the ring Wq(A) is the classical 

^ (p-typical) Witt vectors of A, and when G is arbitrary Wg(Z) is the Burnside ring of G. This 

interpretation of Wg(Z) was a motivation for Dress and Siebeneicher's construction of the functor 
Wg in general. 

The classical Witt vectors are recovered by the choice G = Zp and Cartier's "big" Witt vectors 
correspond to the choice G = Z. The name Burnside appears as for any profinite group G, Wg(Z) 
is the Burnside ring of G. This was a large part of what initiated the study of these functors. 
Others constructions of these functors have been studied. Specifically, J. Graham constructs Witt- 
Burnside rings using ring valued G-sets [2j. J. Elliott gave an unified construction relating the 
Graham and Dress and Siebeneicher approaches ^4j. Y. Oh has studied some decomposition and 
g-deformation questions [3 [8]. Beyond the classical G = Zp case, not much about the ring structure 
of Wcik) is known. Motivated by the extensive applications enjoyed by the classic Witt vectors. 
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this paper addresses structural questions about Witt-Burnside rings under the assumptions that G 
is an infinite pro-p group and is a field of characteristic p > 0. 

For perfect fields of characteristic p, Wzp(A;) is the ring of classical Witt vectors; a p-adically 
complete discrete valuation domain with maximal ideal (p) and residue field k. For infinite pro-p 



G ^ Zip, we will show that the ring W(3(fc) is also a local ring of characteristic (Corollary 3.21) 
however, the similarities do not run deep! 

Theorem For G = Zip, k a field of characteristic p > and d >2, the maximal ideal o/ Wg(A;) 
is not finitely generated, so Wcik) is not Noetherian. 

The next motivating question is whether the rings W2,d{k) are coherent for a field of charac- 
teristic p. A necessary condition for coherence is that all annihilator ideals are finitely generated 
[31 p. 95]. We show this condition also fails for 'Wcik) for G = Zp and d> 2 indicating that these 
rings are much larger than expected. 

While it essentially follows from [T] that WG'(fc) is not a domain in general, our second main 
goal is to give some control on the zero divisors of Walk) for G = Zp and k a field of characteristic 
p. 

Theorem For G = Zp and any field k of characteristic p, the ring Wcik) is reduced. 

While we suspect WGr(/c) is reduced for G = Zp for d > 2 and any field K of characteristic 
p, the methods used here fail for d > 2 due to the reliance on a certain property of the subgroup 
structure of Zp. In Section j6 we describe a natural family of non-maximal prime ideals in W2d(A;), 
and from this theorem we will know that our list of non-maximal prime ideals is not complete when 
d = 2. 

The rest of the paper is organized as follows. Section [2] will develop the preliminary definitions 
and facts about Witt-Burnside rings, their constructions and their natural profinite topology. Sec- 
tion |3] will discuss other natural topologies on WG(fe) for pro-p G which align with the familiar 
topology when G = Zp, and we will see how they are different in the more general setting. Section 
|4|will discuss in detail the frame of Zp for d >2; these groups form the basic examples of the paper. 
Section [5] discusses the failure of finite generation in the maximal ideal and certain annihilator ideals 
of W^d^k) for d > 2 when the characteristic of k is p. Finally, Section Gjwill discuss the kinds of 
zerodivisors that can occur in Wcik). Unless otherwise stated, G will always be a profinite group. 
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2 Preliminaries 



Witt-Burnside rings are constructed utilizing generalized Witt polynomials associated to a profinite 
group G. The index set of these generalized polynomials is the set of isomorphism classes of discrete 
finite transitive G-sets, called the frame of G and denoted J~{G). For example, ^(Zp) = N by the 
correspondence Zp/p'^Zp -H- n. There is a natural partial ordering on J-{G). For T and U in J-{G) 
we say [/ < T if there is a G-map from T to U. Denote the set of all G-maps from T to U as 
Mapg(T, U) and the number of G-maps #Map(j(T, U) by ipT^U). Thus (Pt{U) 7^ if and only if 



T <U. We summarize some facts about J~{G) which will be proved later (Lemma 3.11). 



1. For T and U in J-{G) with U <T, divides #T and ^T/^U represents the size of any of 
the fibers of any element of MapQ (T, U) . 

2. If the stabilizer subgroups of the points in T are all equal (we will say in this case that T has 
normal stabilizers or that T is a normal G-set), then lpt{U) = for U <T. 

3. For each T in J-{G), there are only finitely many U in J-{G) with U <T. 

The elements of J'{G) have a concrete description. Every finite transitive G-set T is isomorphic 
to some coset space G/H with left G- action, where H is an open subgroup of G that can be chosen 
as the stabilizer subgroup of any point in T. The partial order < on coset spaces (considered as G- 
sets up to isomorphism) can be described concretely by G/K < G/H if and only if H is conjugate 
to a subgroup of K (or equivalently, H is a subgroup of a conjugate of K). 

For T £ J^{G), define the T-th Witt polynomial to be 

WTi{Xu}u^T^G)) = E MU)X*^^*'' = xf + ... + MT)Xt, (1) 

U<T 

where denotes the trivial G-set G/G. Trivially <^t(0) = 1 for all T in J-{G). This is a finite sum 
since there are only finitely many U <T. 

For instance, if G = Zp then the finite transitive G-sets up to isomorphism are Zp/p^Zp for 
n > and the Witt polynomial associated to Zpjp^Zp is the classical n-th Witt polynomial. Figure 
[1] displays the frame of Zg. When G = Z^, all G-sets have p -|- 1 covers (that is, there are exactly 
p + 1 G-sets in the frame lying immediately above each G-set). Other than the trivial G-set, each 
G-set below the lowest horizontal line in Figure [l] has p covers also below the lowest horizontal line. 

Remark 2.1. The picture in Figure [l] is reminiscent of the tree of Z2-lattices in up to scaling, 
on which PGL2(Q2) acts |11|, p. 71]. However, it is different since the G-sets Z\IT'Z\ appear as 
separate vertices in Figure [l| while the subgroups 2^72^ all correspond to the same vertex in the 
tree for PGL2(Q2). 
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G/G 




Figure 1: The frame J- (^23^. 

To simplify notation, write a tuple of variables Xt indexed by all T in J-{G) as X, e.g., 
WT{{Xu]u^nG)) = WriK), Z[{XT}Te^(G)] = Z[X], and 

Z[{XT,YT}TeT{G)] = y]. This underline notation of course depends on G. For any commu- 
tative ring A, a polynomial f(X) € Z[X] defines a function from nTeJ"(G) ^ ^° ^^"^ ^ tuple 
a = {aT)TeT(G) with coordinates in A we write /(a) = f[{aT}T<^T(G)) €i A. A. similar meaning is 
applied to /(a, b) for a polynomial /(X, y) G Z[X, y]. Generally we write sequences indexed by 
F{G) as bold letters {e.g., a., b, x, y, v) and their T-th coordinate is in italics {e.g., ax, br, xt, Vt, vt)- 
Because Xt appears on the right side of ([T]) just in the linear term ipt{T)Xt, and all variables 
which appear in other terms are Xjj for U < T, we get the following uniqueness criterion for all 
the Witt polynomial values together which is equivalent to Lemma 2.1 in [H, p. 331]. 

Theorem 2.2. If A is a commutative ring which has no ipT{T) -torsion, then the function Y\xeT{G) ^ 
Ylxe^iG) ^ given by a.^ (W^T(a))TeJ='(G) injective. This function is bijective provided each ^t{T) 
is a unit in A. 

Proof. Suppose WT(a) = Wr(b) for all T. We want to show a = b, i.e., ot = bx for all T. This 
will be done by induction on ^^T. The only T with = 1 is the trivial G-set = G/G, and 
Wo(a) = ao and M/o(t)) = 6oi so gq = 6o- 

For some n > 1 assume ajj = bfj for all U with < n. If = n, write the equation 
VFT(a) = Wr(b) as 

MU)af*'' + MT)aT = Yl MU)b*'^^*'' + MT)bT. 

U<T U<T 

Since U < T ^ #U < #T, au = bu for all U < T, so we cancel common terms on both sides and 
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get ipT{T){aT — br) = 0. Therefore ot — &t = by hypothesis, so ax = bx- □ 

Corollary 2.3. Let A be a commutative ring in which every integer ipxiT) is invertible. Then the 
function YlxeT(G) ^ ~^ TlxeTiG) ^ given 6y a i— )• {WT{a))x^j^(G) ^-^ o bijection. 



Proof. This mapping is injective by Theorem 2.2, To prove surjectivity, we choose b E IlreJ'CG) ^ 



and want to construct an a G IlTeJ^CG) ^ such that bx = Wt{sl) for all T. This will be done 

recursively based on ^T. The point is that the T-th Witt polynomial only depends on variables 

indexed hyU<T, and if [/ < T then #U < #r. 

Starting at #T = 1, T = and we need &o = l^o(£^) = ooi so define oq = 6o- 

For n > 1, assume we have found ajj £ A for all U with #[/ < n such that br = WT{{au}u<T) 

for all T with < n. Then for every T such that #T = n, we want to find an ut € A such that 

bx = WT{{au}u<T) = Yl MU)at^'*^ + MT)aT. 

U<T 

Every term on the right side is already defined except for ut, and ifxiT) is assumed to be invertible 
in A, so we can solve for ax to define it. □ 

Example 2.4. If G is a pro-p group and T = G/H, then ipxiT) = \Hg{H) : H] \s a, power of 
p, so if p is invertible in A then every a G nreJ'(G) ^ form {Wt{)o))t&f{G) fo^ ^ unique 

b S nTeJ-(G) ^• 



The most important application of Theorem 2.2 is to the ring A = Q[^, 1^] and the vectors 



{Wt{X) + '^t{X-))t&t{G) and (Wt(^)M^t(Z))tgJ="{G)- It tells us there are unique families of 
polynomials {St{X,Y)} and {Mt{X,Y_)] in Cl[X,Y] satisfying 

Wt{X) + Wt{Y_) = Wt{S) for ah T G F{G) 

and 

Wt{X)Wt{Y_) = Wt{M) for ah T G F{G). 

More explicitly, this says 

^T{u)xr'*'' + E ^T{u)Yr'*'' = E ^T(f/)5r*^ (2) 

U<T U<T U<T 



and 



Z vT(u)xf'*" Y, vTimr'*" = E ^Tic/jM*^"" (3) 

^{/<T / \u<T I U<T 

for all T. The polynomials 5^ and Mt each only depend on the variables Xjj and Yjy for U < T. 
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A significant theorem of Dress and Siebeneicher jU p. 107], which generalizes Witt's theorem 
Zp), says that the polynomials St and Mt have coefficients in Z. We call the St^s and M^'s 
the Witt addition and multiplication polynomials, respectively. (Obviously they depend on G, but 
that dependence will not be part of the notation). 

Example 2.5. Taking T = 0, one has 

So{X,Y) = Xo + Yo and Mo{X,Y) = XoYq. 

If r = G/H where H is a maximal open subgroup, so {U < T} = {0, T}, solving for St and Mt 
in PI and ^ yields 

ipTiT) 

Mt = X*^Yt + XtY*'^ + ipT{T)XTYT. 

Compare with the first two classical Witt addition and multiplication polynomials in |9l p. 42]. 
Further addition and multiplication polynomials could be very complicated to write out explicitly, 
as is already apparent for the classical Witt vectors if you try to go past the first two polynomials. 

Remark 2.6. If a finite group G contains a maximal subgroup H of index 4 (e.g., G = Ai^ 
and H = ^3), H can't be a normal subgroup of G since otherwise the G-set T = G/H has 
^t{T) = #T = 4 and ((^o + ^0)^ — Xq — Yq )/A: doesn't have all integral coefficients. Of course it 
can be proved by group theory alone that H isn't normal: '\{ H <\G then G/H is a group of order 
4 and such a group contains a subgroup of order 2, which contradicts maximality of H in G. 

Since St and Mt have integral coefficients, they can be evaluated on any ring, including rings 



where the hypotheses of Theorem 2.2 break down, like a ring of characteristic p when G is a pro-p 



group (Example 3.10). 



Definition 2.7. Let G be a profinite group. For any commutative ring A, define the Witt-Burnside 
ring Wg{A) to be the product space nTeJ"{G) ^ as a set, with elements written as a = {aT)T&T{G)- 
The ring operations on Wg(j4) are defined using the Witt addition and multiplication polynomials: 

a + b = {ST{A,h))T(.jr(^G) 

and 

a - b = (Afr(a,b))Tej-(G)- 
The additive (resp. multiplicative) identity is (0, 0, 0, ... ) ( resp. (1, 0, 0, . . . )). 

Even when G is not abelian, Wg(A) is a commutative ring. For G = Zp, the addition and mul- 
tiplication polynomials are the classical Witt addition and multiplication polynomials and Wz^ [A) 
is the p- typical Witt vectors. 
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To prove that the operations © and put a ring structure on WciA) for any A, it is important 
that each Witt polynomial Wt is an additive and multiplicative function Wg(A) — )• A: 



Wr(a©b) 



'J<T 

ipT{U)SuisL,h)*^/*^ by the definition of Q 

by (§ 



U<T 



C/<T C/<T 

Wt (a) + VFr(b) 



and similarly 



WT(a0b) = Wr(a)Wr(b). 
If we want to prove that a © b = b © a for all a and b in Wg(A), then observe 

WT(a © b) = WT(a) + TyT(b) = Wrlb) + WrCa) = Wrlb © a) 



(4) 



for every T . But this does not imply a©b = b©a because a Witt vector is not necessarily determined 
by all the Witt polynomials evaluated on it (e.g., if G is a pro-p group and A has characteristic p 
then WT(a) = Cq by Example 



3.10 



2.2 



tells us if 



and this only involves oq for any T). Theorem 
two Witt vectors have the same value under all Witt polynomials then the Witt vectors are equal 
provided the ring A doesn't have too much Z-torsion. 

To prove commutativity of addition in Wg(A), we work in the Witt vectors over a suitable 



polynomial ring to which Theorem 2.2 applies. We work with the ring Z[X, y] and the specific 
Witt vectors x = (-'^r)TeJ"(G) ^-^^d y = ^t)t^t(G) Wg(Z[X, y]). To show 

x©y = y©x, (5) 



it suffices by Theorem 2.2 with A = Z[X, y] to show 



VFr(x © y) = Wr(y © x) for all T, 

which is equivalent to showing Wt(x) + ^^(y) = Wriy) + Wt(x) in Z[X, y] for all T. This is an 
obvious identity, so ^ is proved. For any T, passing to the T-th coordinate of both sides of ([S]) 
gives us S't(x, y) = S'T(y,x), which is a polynomial identity. Substituting ajj and bu for Xfj and 
Yfj in this identity implies 5'T(a,b) = 5'T(b,a). Since this holds for all T, a©b = b©a in Wg{A) 
by the definition of ©. 

Similar arguments using polynomial rings over Z first and then substitution homomorphisms 
from such rings to a general ring A lead to proofs of the remaining ring axioms for Wg'(^). This 
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is just like the classical case. For any ring homomorphism f : A ^ B define Wg'(/): Wg{A) — )• 
Wg{B) by applying / to the coordinates: 

WG(/)(a) = {f{aT))TeHG) e Wg{B). 

Because the polynomials St and Mj- have integral coefficients, Wg(/) is a ring homomorphism 
and composition of ring homomorphisms is respected, This is a ring homomorphism and makes 
Wg a covariant functor from commutative rings to commutative rings. 

We previously saw that each Witt polynomial Wt defines a function Wg{A) — )• A such that 

WT(ae b) = Wr(a) + Wxih) and VFT(a0 b) = WT{a)WT{h). 

Since 0, 0, . . . ) = 1, Wt - Wg{A) — )• A is a ring homomorphism. That Witt polynomials 

define ring homomorphisms out of Wg{A) will be very useful to us later. Packaging all the Witt 
polynomials together, we get a ring homomorphism W : WciA) — )• rireJ"(G) ^ which is Wt in the 
T-th coordinate: 



H^(a) = (W^T(a))Te^(G) = Yl ^^^^^ 



#T/#U 

U<T 



TeJ"(G) 



This homomorphism is called the ghost map and its coordinates WT(a) are called the ghost com- 
ponents of a. In some cases it is quite useless: if G is pro-p and A has characteristic p then 
VF(a) = {clq'^)t(^t{g)i whose dependence on a only involves oq. HA fits the hypothesis of Theorem 



2.2 then the ghost map is injective (i.e., the ghost components of a determine a). Also from Theo- 
the ghost map is bijective if every integer ipT{T) is invertible in A so Wg'(^) = IItgJ'CG) ^ 



rem 



2.2 



by the ghost map. That means ^g{^) is a new kind of ring only if some i^t{T) is not invertible 
in A, and especially if A has (/3T(7')-torsion for some T (e.g., G is a nontrivial pro-p group and A 
has characteristic p) . 

The coordinates on which a Witt vector is nonzero is called its support. While the ring operations 
in \iIg{A) are generally not componentwise, addition in Wg(A) is componentwise on two Witt 
vectors with disjoint support. 

Theorem 2.8. Let {R, S] he a partition of F{G), i.e., RU S = T{G) and RnS = 9. For every 
ring A and any a G Wg'(^), define r(a) and s(a) to be the Witt vectors derived from a with support 
in R and S: 

' \ ifTGR, 



r(a) = 

Then a = r(a) + s(a) in Wg{A). 



ut ifT€ R, 

and s(a) = < 

ifTeS, 



ot ifT£ S. 
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The conclusion of Theorem 2.8 is well known in the classic G = T^p case and the proof there 
is essential the same as the proof here. Specifically, one first demonstrates the identity using a 
generic coefficient ring of characteristic 0, say Z[X]. The result follows by functoriality as Z[X] is a 
domain and the ghost map is an injection. We omit the proof due to space considerations, however 
the details are explained in full in [6j. 

Proof. First we will show the result in Wg(Z[X]) for the particular Witt vector x = (-^T)TeJ"(G)- 
X = r(x)+s(x) in Wg'(Z[X]). If we prove this then given any ring A and a € Wg'(j4), there is a ring 
homomorphism / : Z[X] — )• A such that /{Xt) = clt for all T, and applying the ring homomorphism 
Wg(/) : Wg(Z[X]) Wg(A) to the identity x = r(x) + s(x) turns it into a = r(a) + s(a). 
Since Z[X] is a domain of characteristic 0, the ghost map 

T^:Wg(Z[X])^ J] Z[X] 

T&T{G) 

is an injective ring homomorphism, so it suffices to prove 

VF(x) = VF(r(x) + s(x)). 

The right side is W^(r(x)) + VF(s(x)), which is a sum in the product ring 
nTeJ"(G) ]' ^° T-th coordinate for any T is 



Wt{v{^)) + T^t(s(x)) = ^ ^T{U)xf*'' + MU)xf/*''. 



U<T U<T 

u&R ues 



Since RU S = J~{G) and RCi S = 9, each U with U <T will lie in exactly one of R or 5*, so 
W^T(r(x)) + Wt{s{^)) = ^t{U)X*^'*'' = W^t(x). 

U<T 



Therefore VF(r(x) + s(x)) and M^(x) have the same T-th component for all T, so they are equal, 
which shows r(x) + s(x) = x. □ 

One typically proves an algebraic identity in WG'(yl) by reformulating it as an identity in a ring 
of Witt vectors over a polynomial ring over Z. From now on, we will usually prove the reformulation 
but may not go through the deduction of the identity we want over A from the identity proved over 
a polynomial ring; instead simply invoke functoriality. 

From now on, when we prove an algebraic identity in Wg'(^) by reformulating it as an identity 
in a ring of Witt vectors over a polynomial ring over Z, we will usually prove the reformulation but 
may not go through the deduction of the identity we want over A from the identity proved over a 
polynomial ring, and instead simply invoke functoriality. 
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Definition 2.9. For a £ A and T £ J^(G), denote by ujria) £ Wg(^) the Witt vector with 
T-coordinate a and aU other coordinates 0. We call uJTia) the T-th TeichmiiUer lift of a. 

We denote the trivial G-set G/G as and by a;o(a) the G/G-th TeichmiiUer lift. The function 
u}q: Wg{A) generalizes the classical TeichmiiUer lift. Like the classical TeichmiiUer lift, ojq is 
multiplicative. For a general formula for ujTia)uJT'{b), see [H p. 355]. 

An easy consequence of Theorem |2.8| is that any Witt vector a of finite support satisfies 
a = YlueSupp{a)^uiO'u) where Supp(a) is the support of a. Theorem 



2.20 



will show the natu- 



ral generalization a = X^^/^jt^q) ujjj{ajj) makes sense in a suitable topology. We have the following 
multiplication formula for TeichmiiUer representatives. 

Theorem 2.10. For any a £ A and b £ Wg{A), 

wo(a)b = {a*'^bT)TeT{G)- 

In particular, u}o{a)uJo{b) = ojQ^ab). 

Proof. By functoriality, it suffices to show in Wg'(Z[X, y]) that 

(Xo, 0, 0, 0, . . . WTheTiG) = {XrYrheTiG), 

and to show this equation it suffices to prove the ghost components (Witt polynomial values) of 
both sides are equal. Since Wt- Wg(Z[X, y]) — )■ Z[X, y] is multiplicative, 

WT{{Xo,0,0,0,...){YuhenG)) = Wt{Xo,0,0,0, . . .)WT{{Yu)ueT{G)) 

U<T 

and 

WriiXrYuheHC)) = E MU){XrYu)*^/*'' = ^ MU)XrYr^*''. 



U<T U<T 



□ 



The Witt polynomial Wt(X) becomes homogeneous of degree #r if we give Xjj degree #U 
(e.g., Xo has degree 1, not 0). This grading makes the addition and multiplication polynomials 
homogeneous as well: 

Theorem 2.11. Give the ring Z[X, y] the grading in which the degree of Xjj and Yu is i^U. 

(a) For all T, the polynomial St is homogeneous of degree and Mt is homogeneous of degree 
2#T. 
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(b) For all T, we have St{X, 0) = Xt, St{0,Y) = Yt, Mt{X, 0) = 0, and Mt{0,Y) = 0. 

The second part of the theorem is saying St equals Xx + Yx plus monomials X^Yy where 
U < T and V < T (we cannot have U = T or V = T hy homogeneity), while Mt contains no 
monomials that are pure X-terms or pure Y-terms. 

Proof, (a) We will work out the homogeneity for Mt', the argument for St is similar. Clearly 
Mo(Xo,lo) = ^0^) which is homogeneous of degree 2 and its only monomial term contains the 
factors Xq and Yq. Let n > 2 and assume by induction for all transitive G-sets U with < n 
that Mjj is homogeneous of degree 2^U. Pick a transitive G-set T with #T = n. (If there are no 
such G-sets then we are vacuously done.) Solving for Mt in ([s]) in Q[^, Z!], 



1 / ff-i ff-i 

Mt = E Vt{U,)X*^^ E VTmY*^"' - E ^t{U)M, 

\ui<T U2<T U<T 

1 / #T_ #T_ #T 

= E MU^)MU,)X*^^Y*-^ -Y,^t{U)M*- 



M-'Y' / -H- TT 

By the inductive hypothesis, each Mu for [/ < T is homogeneous of degree 2#C/, so Mjj 

is homogeneous of degree 2^T. By the definition of the grading, Xjj_^ ^ has degree and 

y#T/#C/2 ^gg^g^ ^#T/#U,y#T/#U2 ^gg^gg 2#r. 

(b) We will work out the result for multiplication polynomials. Since Mo(X, 0) is XqO = 0, we 
may assume T ^ 0. Set every Yjj to in the recursive formula for Mt above. Then the formula 
tells us Mt{X^, 0) is equal to 

E MUi)MU2)X*^^*''' • - E Mu)Mu{x,o)*^/#n . 



'^'^^ ' \Ui,U2<T U<T J 

Using the inductive hypothesis, each term is 0. □ 

So the polynomials St{{X^^ ,Y^^}u^jr(^Q-^) are genuine homogeneous polynomials of degree 
#T (replace Xu and Yu with their #C/-th powers everywhere), and similarly for the multiplication 
polynomials. 

Corollary 2.12. For n G Z^", suppose a, b G Wg'(j4) satisfy ajj = and bjj = when #[/ < n. 
Then for any T with = n, (a + h)T = ot + bT- 

Proof. By definition, (a + b)j' = ^^(a, b), and on the right side a and b only matter in their 



coordinates at U < T. By Theorem 2.11, St{2L,Y) equals Xt + Yt plus other monomials which 
each involve only Xu^s for U < T and Yy^s for V < T. Setting Xfj and Yjj equal to au and bu for 
U <T respectively, we obtain St{3., b) = ay + &t- D 
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2.1 Projections and topology 

We can consider any G /N-set T as a G-set by defining the action of 5 G G on an element x £ T to 
he g ■ X := gN ■ x. A G-set arises in this way from a G/ N-set precisely when N acts trivially on it. 
A G/N-set is transitive as a G/N-set if and only if it's transitive as a G-set since its G/A^-orbits 
and G-orbits are the same. Writing a transitive G-set as G/H, N acts trivially on it if and only if 
N C H, in which case we can write G/H as {G/N)/{H/N) to see it as a G/N-set. Two G/N-sets 
are isomorphic if and only if they are isomorphic when viewed as G-sets. So turning G/N-sets 
into G-sets gives us an embedding of F{G/N) into F{G) and the image of F{G/N) in F{G) is 
all T € F{G) on which N acts trivially. For T G F{G) which is in the image of J-{G/N), write 
T ^ G/H as a G-set with N C H. If T' < T then we can write T' ^ G/H' where H C H' , so 
N C H' . Therefore the embedding of F{G/N) into T{G) is "full" as a partially ordered subset in 
the sense that all finite transitive G-sets below a G-set in the image are also in the image. For any 
closed normal subgroup N of G the quotient G/N is a profinite group and there is a natural group 
homomorphism from G onto G/N. Identifying J^{G/N) with its image in J-{G), there is a natural 
projection map 

Projg/^ : Wg(A) ^ ^g/n{A) 

a 1-^ {aT)T€T{G/N)- 

This is trivially surjective and is a ring homomorphism. 

Example 2.13. The ring homomorphism Wzp(^) — t- ^Zp/p^Zpi^) is the classical truncation 
homomorphism from W(yl) onto the length n + 1 Witt vectors W„+i(yl). 

If G and H are profinite groups and there is a continuous surjective group homomorphism 
G ^ H then there is a surjective ring homomorphism Wg(A) W/f(A) since we can realize H 
as some G/N and the map G ^ H as, reduction mod N . 

Example 2.14. For any d > 2 and field k of characteristic p, Wzp{k) is a homomorphic image of 
'W2,d{k) since Zp is a continuous homomorphic image of (in many ways). Since Wzp(/c) is a 
domain, we obtain as kernels many non-maximal prime ideals of W2,d{k). We will see in Section j6j 
that this does not give us all the non-maximal prime ideals when d = 2. 

Example 2.15. For any d>2, the ring W2d(A) has W22(A) as a homomorphic image, since the 
group Zp has Z^ as a continuous homomorphic image. 

Definition 2.16. For any closed normal subgroup N <i G, set 

Kn = ker(Projg/^) = {a € Wg(^) : ct = for aU T G T{G/N)} 

= {a G Wg'(^) ■ qt = when acts trivially on T}. 
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The kernel is an ideal oiV^c^^) and the rings 'Wg{A)/Kn and Wq/^(A) are isomorphic. 

Example 2.17. Taking N = G, Kq = {si e Wg(A) : ao = 0} and the quotient Wg(A)/Kg = 
Wo(>l) = A. If ^ is a domain (field) then Kq is a prime (maximal) ideal in Wg'(A). 

(To be more explicit in its dependence on the group and the ring, we could write K^^ as 
XjvCG', j4), but we will leave this dependence out of the notation unless it is important to be 
explicit about it.) If C A^' and ax = ^ whenever N acts trivially on T then ay = whenever 
N' acts trivially on T, so C Kfqi. For open normal subgroups N and A^', the groups G/N and 
G/N' are finite. The rings Wc/jv(^) foi' open normal N with the ring homomorphisms 

Projg;;, : ^g/n{A) ^ ^G/N'{A) 

when N C N' form a projective system and it is isomorphic to the projective system of rings 
WciA)/ Kn' and natural ring homomorphisms Wg'(^)/Xjv — )• WG{A)/K]\f' when N C N' . 

We have Wg(A) = l^mWQ/^{A) = ]^m W g{A) / K ^ as rings, where the inverse limits are 

N N 

taken over open normal subgroups of G ordered by reverse inclusion. This gives Wg{A) a topology 
as a closed subset of the product Y\j\j^g/n{A) = Y\j^^WG{A)/Kiy, where N runs over the open 
normal subgroups of G and each factor Wg/n{A) and Wg{A)/ Kjy is given the discrete topology. 
This topology on Wg(A) is called the profinite topology. 

The profinite topology on Wg{A) is Hausdorff since any subspace of a product of discrete spaces 
is Hausdorff. The ring Wg{A) is compact in its profinite topology if and only if A is finite. 

To say a and b are near each other in the profinite topology means a = b mod for some 
"small" open normal subgroup N in G; the larger [G : N] is, the closer a and b are. How can we 
tell in terms of coordinates of a and b that a = b mod K^? While is described by Definition 



2.16 for all closed N, when N is open the set G/N belongs to T{G) and T{G/N) is a "full" subset 



of J-{G), so we can describe a little differently than in Definition 2.16 

KN = {a€ Wg{A) : ar = for ah T G T{G) such that T<G/N}. (6) 
Lemma 2.18. For any open normal subgroup Nof G, 

a = h mod Kn at = for all T < G/N. 



Proof. Assume ot = &r for T < G/N. Using Theorem 2.8 with the partition of J~{G) being 
{T < G/N} U (J"(G) - {T < G/N}), we can write a = ai + aa where ai is supported on T < G/N 
and a2 is supported on the complement, so a2 G K^. Similarly write b = bi + ba- Then ai = bi, 
so a — b = a2 — b2 G Kjy. 

Conversely, assume a = b mod K]\f and write a = b + c for c G K^. Since So{2L, Y) = No + Yq, 
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we have uq = bo + cq. Since cq = 0, ao = 6o- If G/N is trivial we are done. Otherwise, let T be a 
nontrivial G-set with T < G/N. Since the polynomial 5't'(X, y) only depends on Yu for U <T, 
and C{/ = for all U < T, evaluating 5"^ with Yjj = cjj for all U or 1^/ = for all U leads to 
the same result. Therefore ay = ^^(bjc) = S'7^(b, 0) = where the last equality follows from 
Theorem [2lTt b). □ 



Theorem 2.19. The ring WG'(yl) is complete in the profinite topology. 

Proof. It suffices to show any Cauchy net converges. Let {aj}jg/ be a Cauchy net in Wg{A) for 
the profinite topology. 

For each open normal subgroup N <\ G there is an i^v £ I such that for all i,j > ii\i, aj = 



Sij mod K^{G,A), which by Lemma 2.18 means (aj)^^ = {^j)T for all T < G/N. 

For each T, pick N so that T < G/N and let ot be the common value of (aj)^ for all i > iN- 
This is independent of the choice of N. Let a be the Witt vector with T-th coordinate ot for all 
T. We will show this is the limit of the aj's. 

For an open normal subgroup N of G and i > i]\f, ax = {^i)T for all T < G/N. So by Lemma 



2.18 a = aj mod Ki\f{G, A) for i > iN- Thus limaj = a in the profinite topology. □ 



Theorem 2.8, which trivially extends from a two-element partition of J'{G) to any finite parti- 



tion, extends with the profinite topology on Wg{A) to suitable infinite partitions of J-{G). 

Theorem 2.20. Let J-{G) = IJie/ ^ partition where the index set I is a directed set such that 

for all j G /, the set {i £ I : i < j} is finite. For any a G Wg{A), let rj(a) be the Witt vector in 
W(3(A) which is the part of a supported on Rt : 



r,: a 



OT, ifTGRi, 
0, otherwise. 



Then 



lini Vri(a), 



where the limit is taken in the profinite topology on Wg{A). In particular, 



a= lim > (^ui'J'U 



Proof. Consider the net {sj}jfzi in Wg'(^) defined by = X^j<j rj(a). Notice for each j the sum 
X^i<j ^ii^) lias finitely many terms by hypothesis. We aim to show {sj}jg/ converges to a in the 
profinite topology, that is to say for each open normal subgroup N of G there is £ I such that 



for all j > Jn, Sj = a mod K^- By Lemma 2.18 this means the T-th components of Sj and a agree 
for ah j > jN and T <G/N. 
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For each T < G/N, there is a unique index ix £ I such that T £ Ri^.. Therefore rjj,(a)T = ar- 
Let Sn = {iT ■ T < G/N}. This is a finite set of indices in /. If i then T ^ Ri for all 
T < G/N, so ri(a)r = when T < G/N. Letting R = I\Sn, a = Y^ieS^ ^*(^) + ^«(^) 



extension of Theorem 2.8 to finite partitions of J^{G). If T < G/N then ^ -R, so r/{(a)T = 0. 



Therefore rR(a) = mod Kjsf so 

a= ^ r j (a) mod i^AT . (7) 

ie5jv 

Since / is directed and Sn is finite, there is an index G I such that j^r > i for all i G S'tv- 
For ah j > Jn, Sn C {i £ I : i < j}, so 

Reducing mod K^, the first summand is congruent to a mod by ^ whereas the second sum- 
mand is congruent to mod K^. The last conclusion is clear using the partition of J'{G) into 
singleton subsets. □ 

Example 2.21. If G is a pro-p group and A; is a perfect field (or just a perfect ring) of characteristic 

M-T J 

p then we can write any au £ k in the form for some bjj £ k, so 

Te.F(G) ^ ^ Te.F(G) ^ 



by Theorem 2.10 This last series is the usual p-adic expansion of a Witt vector when G = Zpi 



a;[/(l) = when U = Zp/p'^Zp and hmj.gjr(Zp) = lim^i- 



3 Comparing Topologies 

In the profinite topology on WGr(A), an element a is small if ay = for all T on which a small 
open normal subgroup of G (one of large index in G) acts trivially. There is another notion of being 
small: a is small when ay = for all T of size below a given bound. This topology is defined by 
another family of ideals. 

Definition 3.1. For n £ Z"*", set 

In{G, A) = {a e Wg(v4) : ot = for #T < n}. 

These are the Witt vectors a with support in {T : > n}. 
Lemma 3.2. Each In{G,A) is an ideal in Wg(A). 
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Proof. Each addition polynomial St depends only on variables indexed by (isomorphism classes of) 
finite transitive G-sets U < T and has no constant term by Theorem 2.11[ So if two Witt vectors 
are in In{G, A) then their sum is also in In{G, A). 

It remains to show for any a G Wg(^) and b G In{G,A) that ab G /„,(G, ^4). Set c = ab. By 
the definition of multiplication in Wg'(^), ct = My (a, b) for any T. If < n, 6(/ = for U <T 
by hypothesis. Since Mt(X, y) only depends on Yu for U <T, ct = ^//^(a, b) = Mt{sl,0) and 



Mr (a, 0) = by Theorem |2.11[ □ 
Obviously the ideals In{G,A) are decreasing: 

Wg{A) = Ii{G,A) d l2{G,A) d ■ ■ ■ D In{G,A) d {G,A)d--- . 

Since f]^y^ In{G, A) = {0}, we can put a Hausdorff topology on Wg'(^) so that the collection 
of ideals {/„,(G, yl)}„>i form a fundamental system of neighborhoods of 0: a nonempty subset 
O C Wg'(A) is open in this topology if for each a G O the coset a + In{G, A) is in O for some n. 
This is called the initial vanishing topology. 

Remark 3.3. Of course it could happen that In{G, A) = In+i{G, A), namely if there are no open 
subgroups of G with index n. If G is an infinite pro-p group, then the different ideals in this 
filtration are indexed by p-powers, and ideals indexed by different powers of p are different from 
each other since there are open subgroups of each p-power index in G: 

Ipm{G, A) = {a:aT = for #T < p'"} = {a : ot = for #r < p"""^} 

and 

WG{A) = h{G,A)^Ip{G,A) D ... ^ ^ ••• . 

The next lemma is an analogue of Lemma |2.18[ 

Lemma 3.4. For n > 1 and a and h in Wg'(^), a = b mod In{G, A) if and only if ax = bx for 
all T G T{G) such that #T < n. 



Proof. An argument similar to the proof of Lemma 2.18 can be used. □ 



Theorem 3.5. The ring WG'(yl) is complete in the initial vanishing topology. 

Proof. Since the topology is defined by a countable set of ideals, it suffices to show any Cauchy 
sequence (rather than Cauchy net) converges. Let {ajjjgN be a Cauchy sequence in Wg{A) for 
the initial vanishing topology. We will construct a candidate limit and then show it works. 

For each n > 1 there is an integer Nn G Z"*" such that for all r, s > Nn, a^ = a^ mod In{G, A), 



which by Lemma 3.4 means (ar.)T = {^s)t for all T G J~{G) such that #T < n. We may choose 



the numbers Nn so that iVi < iV2 < ^'^s < 
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For each T, pick n > #T and let ax be the common value of (ar)T for all r > Nn- This is 
independent of the choice of n. Let a be the Witt vector with T-th coordinate aj- for all T. We 
will show this is the limit of the a^'s. 



For each n > 1 and T G J~{G) with #T < n, ut = {^r)T for r > Nn, so by Lemma 3.4 



a = a^ mod In{G, A) for r > Nn- Thus limr-!>oo a^ = a in the initial vanishing topology. □ 

Set In = In{G, A). How do the profinite and initial vanishing topologies, defined by the families 
of ideals {Kn}^ open and {In}n>i, compare with each other? 

Lemma 3.6. Given finitely many finite transitive G-sets Ti, . . . ,Tm, there is an open normal sub- 
group N in G such that G/N > Ti for 1 < i < m. 

Proof. The frame J~{G) is a directed set, so there is a T G J~{G) with T >Ti for i = 1, . . . ,m. Since 
the G-sets with normal stabilizers are cofinal in J-{G), we can take T = G/N with N normal. □ 

Theorem 3.7. Every Kj\f, for open normal N , is open in the initial vanishing topology on Wq{A). 
If G is topologically finitely generated then the profinite topology and the initial vanishing topology 
on Wg'(^) are the same. 

Proof. Let be an open normal subgroup of G. Since Ki\j is an additive group, to show it is open 
in the initial vanishing topology it suffices (and in fact is equivalent) to show there is an n > 1 
such that /„ C K^. Let n be any integer exceeding [G : N\. Then T < G/N ^ < n, so for all 
a G Wg'(A) we have 

= for #r < n ^ ar = for T < G/N. 

Thus In C Kj\f. 

Now assume G is topologically finitely generated. Since /„ is an additive group, to show I„ 
is open in the profinite topology on Wg'(A) it suffices to find an open normal subgroup N <\ G 
such that iCjv C /„. The key fact we use about a topologically finitely generated profinite group 
is that it has finitely many open subgroups of each index [12l p. 45], and thus {T : #T < n} is 
finite for all n. Therefore Lemma 3.6 tells us there is an open normal subgroup N <\ G such that 
#T <n^T< G/N, so Kn C /„. □ 



When G is topologically finitely generated, so {T : = n} is finite for every n, Theorem 2.20 
implies 

a = ^ ^ ajTiar) 

n>l #T=n 

for all a in Wg'(^), where we use the partition T{G) = IJn>i for i?„ = {T : #T = n}. 

Remark 3.8. For open normal subgroup N in G, to say C In is the same as saying < 
n ^ T < G/N. Since [G : N] < oo, there are only finitely many open subgroups of G containing 
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N, so if Kfyf C In for some N there can be only finitely many T in J-{G) with size less than n. 
Considering this over all n, the profinite topology and the initial vanishing topology on Wg(A) are 
equal if and only if G has finitely many conjugacy classes of open subgroups of each index. 

The last general item we want to check with the ideals /„ is how they behave under multiplica- 
tion. Is Imin C /mn? For pro-p groups satisfying a mild technical condition (which is always true 
when the group is abelian) we will see that the containment Ipmlpn c Lpm+n holds in cases that are 
likely to be of most interest and in other cases it need not hold. 

Before we can state the main result on products of these ideals for G a pro-p group and A a 
ring of characteristic p, we first make use of some properties of ipT{U). When G is a nontrivial 
pro-p group and H is a proper open subgroup, AutoiG/ H) = Ng{H)/H is a nontrivial p-group 
since H ^ Ng(//). Therefore ipt(T) = mod p when T is nontrivial. 

Lemma 3.9. If G is a pro-p group and T > U in J-{G) with U nontrivial, then ipxiU) = mod p. 

Proof. Since U is nontrivial, G is not the trivial group. Consider the action of AutG'([/) on the 
finite set of G-maps T — )• [/ where the action of a G AutG'([/) on a G-map /: T — t- U is given 
by composition. Since AutdU) is a p-group, the basic fixed-point congruence for actions by finite 
p-groups tells us that 

ipTiU) = #MapG(T, U) = #Fix(MapG(r, U)) mod p, 

where we are counting fixed points of AutG(f^) on the right. If a G-map /: T — J- [/ is fixed by 
AutG(C^) then a(/(t)) = f{t) for all a S AutG(C^) and t £ T. Since any G-map T — )• [/ is surjective, 
we get a{u) = u for all u £ U. Hence AutciU) is trivial, which means U is trivial, which is a 
contradiction. Thus the set of fixed points is empty, so ipT{U) = mod p. □ 



If U is trivial then ipxiU) = 1, so we need U nontrivial in Lemma 3.9 



Example 3.10. If G is a pro-p group then < [/ < T =^ (Pt{U) is a multiple of p by Lemma 3.9 
so Wt(X) = X^'^ modpZ[X] for all T G ^{G). Therefore if ^ is a ring of characteristic p then 
VFT(a) = a*"^ for all T, and this depends on no ajj except ao, so we definitely can't write a random 

jj nn 

element of Y\,t<^t{G) ^ form (Vl/T(a))'pgjr(Q) = [a^ )tgJ"{G)) unless G is trivial and A is a 

perfect ring. Compare this with Example |2.4[ 



To motivate the divisibility conditions we will need on the numbers ipt(U) when G is a pro-p 
group, we state two lemmas about divisibility of ipt{U) for an arbitrary profinite group G which 
are general facts about group actions. 

Lemma 3.11. Let T and U be finite transitive G-sets with U < T. Then #U is a factor of ifT 
and the fibers of any G-map f : T ^ U have size #T/#U. 
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Proof. Pick xq G T and let H = Staba.o and K = Stabj(x.(,)- Then H C K and there are G-set 
isomorphisms T = G/H and U = G/K such that the following diagram commutes. 



T ^-^U (8) 



So we may assume T = G/H, U = G/K, and f{gH) = gK for all g^G. Since [G : H] = [G : 
K][K ■.H],#T = #U[K : H]. Therefore #T/i^U = [K : H] is a positive integer. 

The fiber of / over a coset g'K is {gH : gK = g'K}. How many different cosets gH have 
gK = g'K? We must have g = g'k for some k £ K, so gH = g'kH, and the converse holds as well: 
for any k e K, f{g'kH) = g'kK = g'K. So the fiber over g'K is {g'kH : k e K}. We need to 
determine when g'kiH = g'k2H for ki and ^2 in K. This happens precisely when kiH = k2H, so 
the size of a fiber of / is the number of left iif-cosets in K, which is [K : H] = ^T/^U. □ 

Lemma 3.12. For any profinite group G, let T,U £ J~iG). Then ipxiT) divides ipT{U)^T/^U . 

This generalizes the relation ipt{T)\#T (i.e., [NciH) : H]\[G : H]), which is the special case 
that U is trivial. If the stabilizer of T is normal then ipj'{U) = #{/ for all U < T, so the divisibility 
relations in Lemma 13.121 need not be strict when U <T. 

Proof. If (Pt{U) = then there is nothing to show. So we may assume (Pt{U) > 0, i.e., there are 
G-maps T ^ U. Fixing no G U, the group AutG(T) acts on the set 

X = {{f,t):f€ MapG(r, U),teT, f{t) = uq} 

by t) = {f^-\m)- If t) = (/, t) then m = t and ^{gt) = g^ = 9t for all 5 e G, so V 
is the identity on T and the action is free. Therefore every AutG'(T')-orbit in X has size i^AutciT) = 



ipT{T), which means #X is divisible by (pxiT). By Lemma 3.11, #X = ip'riU){#T/#U), so we 



are done. □ 

Now returning to the pro-p setting, we have the following divisibility condition on ipT(U). 
Lemma 3.13. Let G be a nontrivial pro-p group, U < T in J-{G) and s G pZ. Then 

^4^.#^/#^ = 0modpZ. 

Proof. Write ^T/^U = p^ with r > 1. Setting s = pm, 

#T/#U -r p^-r p' 

——s* =p pr = p^ . 
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Since p>2 and r > 1, — r & Z^. Therefore {^U /^T)s'^'^^'^^ is an integeral multiple of p. 



By Lemma 3.12, (Pt{T)\(Pt{U){#T/#U), so {(fT{U)#T)/{ipT{T)#U) is an integer. Thus 



(Pt{T)' 



.#T/#U 



— ,rr^_^,jj -ir^s^ ' =OmodpZ. 



□ 



Definition 3.14. A pro-p group G is said to have the ratio property when the following holds: for 
all finite transitive G-sets T, Ti, and T2 such that T > Ti, T > T2, and #T < ^Ti#T2, the ratio 
iPt{Ti)ipt{T2) /(Pt(T) is an integral multiple of p. 

If T is a normal G-set, ^pxiU) = #U for any U < T, so the ratio ipT{Ti)ipT{T2) / (Pt{T) is 
^Ti^T2/#T, which is a power of p greater than 1. Therefore the ratio property is true when G is 
a pro-p abelian group. Even though this property was only defined for pro-p groups, one can define 
this in more generality (see discussion ) and in this context it has been computationally verified 
using GAP for all dihedral groups of order a power of 2 up to 1200. 



The ratio property was found because of its role in the proof of Theorem 3.16 below. Passing 
from G to G/N where acts trivially on T, the ratio property for T,Ti and T2 can be viewed in 



J-{G/N), so Definition 3.14 can be checked for all finite quotients of G to show it is true for G. 



Therefore, the ratio property is really a hypothesis about finite p-groups. 

Lemma 3.15. Let G he a pro-p group that satisfies the ratio property and A he a ring of charac- 
teristic p. Let V G J~iG) with < p^^^ for positive integers m and n. Consider Witt vectors a 
and b in Wg{A) such that ajj = for all U < V such that < p^ and bu = for all U < V 
such that #[/ < p" . Set c = ab. Then cy = 0. 

Proof. This will follow from functoriality by proving the following mod p congruence for particular 
Witt vectors over the ring R = Z[X, y]. Define x, y G Wg{R) by 



XT 



0, #r < and T <V, 
Xt, otherwise, 



and yT 



0, #T < and T <V, 
Yt, otherwise. 



Set z = xy. We will show that 



T <V =^ zt = mod pR. 



(9) 



Let's see how this implies the theorem. There is a ring homomorphism f : R ^ A such that 
/(Xt) = OT and /(Ft) = for all T G J^{G). Then Wg(/)(x) = a and WG(/)(y) = b. The 
product ab = Wg'(/)(z) has T-component f{zT) and by ^ this lies in f{pR) C pA = when 
T < V. Returning to the proof of ([9]), we argue by induction on #T. If = 1 then T = 
and zq = xoyo = 0. Let p"^ < with r > 1 and assume by induction that for all U < V such 
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that < p'", Zfj = mod pR. Pick T < V with = . Since the T-th Witt polynomial is a 
multiplicative fmiction Wt- Wg(-R) — i?, Wriz) = WT(x)WT(y): 



E(rr\ (rr \ #T/#Ti #r/#T2 



C/<T Ti,T2<T 
Solving this equation for zt in Q [X , y] , 



ipT{Ti)ipTiT2) #T/#Ti #T/#T2 
Ti,T2<T " ' ' (7<T 



(10) 



Since zu G pR for U < T, the second term in (10) is mod pR by Lemma 3.13, In the first 
term in (10), if Ti = F then Ti = T = V and ipT{Ti)ipT{T2) / ^xiT) = ipTiT2) = mod pi? by 
Lemma 3.9 provided T2 7^ 0, while if T2 = then = 0. A similar argument holds if T2 = y 
so we can assume Ti <V and T2 < V. If either #Ti < or < then xt-^ = or 







respectively. The remaining terms in the first sum in ( 10 ) have Ti < V with i^Ti > and T2 < V 
with #T2 > p". In this case #Ti#T2 > > = ^T, so by the ratio property the coefficient 

in the first sum in ( 10 ) is an integral multiple of p. Thus zt = mod pR. □ 



Theorem 3.16. Let G be a pro-p group. If it satisfies the ratio property, then for all rings A of 
characteristic p and nonnegative integers m and n, 

Ipm{G,A)Ipn{G,A) C /pm+n(G,^) 

in Wg{A). In particular, this containment is true when G is abelian. 

Proof. If either m or n is 0, since Ii{G, A) = Wg'(^) the result follows. So we can assume m > 
and n > 0. Let a G Ipm[G,A) and b G Ipn[G,A) and set c = ab. Let V G J^{G) such that 
#V < Since au = for all #U < p^ and 6{/ = for all #C/ < p", by Lemma [3^15 



cv 



so c G Ip 



0, 

□ 



Remark 3.17. Of course the hypothesis that A has characteristic p is necessary, even in the classical 
case. Consider G = Zp. In W^CZ), let x = (0,1,0,0,...) = wZp/pZp(l)- Clearly x G Ip{G,Z) and 
from the proof of Theorem 6.1 x^ = px = {0,p, . . .), which is not in Ip2{G, Z). 



A natural extension of the ratio property to arbitrary profinite groups G is the following: for 
all finite transitive G-sets T, Ti, and T2 such that T > Ti, T > T2, and #T is a proper factor of 
^Ti^T2, the ratio ifT{Ti)fT{T2)/^TiT) is an integer greater than 1. In this extra generality, which 
we don't need, there are counterexamples, specifically among symmetric and alternating groups. 

No finite p-groups have been found yet which violate the ratio property. Even if a counterex- 



ample were to be found, a special case of Theorem 3.16 is nevertheless true for all p-groups 
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Lemma 3.18. Let G be a pro-p group. For all rings A of characteristic p and nonnegative integers 
n, 

Ip{G,A)Ipn{G,A) c Ipn+i{G,A) 

in WciA). 

Proof. If n = the result is clear since Ii{G,A) = Wg{A), so without loss of generality assume 
n > 1. 

We will derive a mod p congruence for particular Witt vectors over the ring R = Z [X , Y] , which 
will be sufficient using functoriality. Define x and y in Wg{R) by 



0, ifr = o, 

XT = \ and i/T = < 

Xt, ifT/O, 



0, if #r < p" 

Yt, otherwise. 



Set z = xy. Our aim is to show 

#r < ^ ZT^O mod pR. (11) 

We argue by induction on #T. Clearly zq = xqUq = 0. Let = p^ < with r > 1 and 

assume by induction that for all #f7 < p*", zjj = mod pR. Since the T-th Witt polynomial is a 
multiplicative function Wt'- Wg{R) R, Wt{z) = WT(x)WT(y): 



U<T Ti,T2<T 



Solving this equation for zt in Q [X , Y] , 

_ (Pt{Ti)(Pt{T2) ^#t/#Ti^,#t/#T2 v;^ ^t{U) ^#t/#u 

Ti,T2<T ^ ^ ' U<T ^ ^ ' 



Since zu G pR for U < T, the second term in (12) is mod pR by Lemma 3.13, In the first 



term in (12), we can assume Ti 7^ since xq = 0. If #T2 < then = 0) so we only need to 



consider T2 where > p". Since #r < p""^^, T2 = T. Then (12) becomes 



ZT= MTi)Xt, VT- 2^ -^n^Af) "J 

0<Ti<T U<T ^ ' 



Since ipt{Ti) is an integral multiple of p by Lemma 3.9 zt = mod pR. □ 

An immediate useful corollary follows. 
Corollary 3.19. For any pro-p group G and ring A of characteristic p, 
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Ip{G,Ar ciIpm[G,A). 



Proof. This follows directly from repeated applications of Lemma 3.18 



□ 



Theorem 3.20. Let G he a pro-p group and A be a ring of characteristic p. The units in Wg{A) 
are Wg{A)^ = {a : oq G A^}. 



Proof. Obviously Wg(A)^ C {a : oq S A^}. To prove the reverse inclusion, let a S WG'(yl) have 

the Witt vector (ao, 0, 0, . . . ) is a unit, with inverse {oq^ , 0, 0, . . . ), so 
)a is a unit. The first coordinate of this product is 1, so we are 



oq G A^ . By Theorem 



2.10 



it suffices to show (aQ"'^,0,0, 
reduced to showing a Witt vector with first coordinate 1 is a unit. That is, we can assume oq 



1. 



By Theorem 2.8 



Since /p(G,^)'" C Ip,n{G,A) by Corollary 3.19 



a = (1, 0, 0, . . . ) + (0, {arh^o) G 1 + /^(G, A). 

we can invert a using a geometric series since 

□ 



Wq{A) is complete in the initial vanishing topology (Theorem 3.5). 



Corollary 3.21. When G is a pro-p group and A is a local ring of characteristic p, Wg'(j4) is a 
local ring. In particular, if k is a field of characteristic p then ^ci^) is a local ring. 



Proof. Let A have maximal ideal M. By Theorem 3.20 the complement of the unit group in 
Wg{A) is {a G Wg{A) : ao G M}, which is an ideal. □ 



The unique maximal ideal in Wg(A;) for is a field is easy to identify. We have a surjective 
homomorphism Proj^y^ : WG'(fc) — t- Wo(A;) = k. Therefore, the kernel m = {a G Wg'(A;) : = 0} 
is a maximal ideal in Wg(A;). We also have m = Ii where i is the least integer greater than 1 such 
that G has an open subgroup of index i (such an i exists unless G is the trivial group). When G is a 
pro-p group and k a field of characteristic p, m. = Ip{G, k). In this setting we have three topologies: 
the m-adic topology, the initial vanishing (or {Ipn }-adic) topology, and the profinite topology. 

We have already compared the last two topologies in Theorem |3.7[ By Corollary 3.19[ 



xn"" = Ip{G,kT Clpn{G,k), 



(13) 



so f]n>i w"" = {0}) which shows the m-adic topology on Wg(A;) is Hausdorff. Since m" C C Kn 
for any open normal subgroup such that [G : A^] > p", open sets in the profinite topology are 
also open in the initial vanishing topology, which are open in the m-adic topology. It is not so clear 



how the higher powers of m are related to the ideals Ipn other than by (13). In the case of Wzp(/c) 
where fc is a perfect field of characteristic p, i.e., the classical Witt vectors, the initial vanishing 



topology is the same as the m-adic topology since m = (p) 



Ip and m" 



Ipn. 



Later, (Theorem 



5.9) we will see for G 



Zp with d > 2 that the initial vanishing and m-adic topologies on WG(fe) 



are not the same. 
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4 The Frame of Z; 

Throughout this section G = with d > 2 and a G-set will be finite transitive unless otherwise 
stated. 

The subgroup structure of G is homogeneous m the sense that every open subgroup is isomorphic 
to G (although there is not a canonical choice of isomorphism, unlike the case when d = 1). A 
subgroup is open if and only if it has finite index. If H is an open subgroup there is a Zp-basis 
{ei, 62, . . . , Crf} for G such that G = ZpCi Zpe2 • • • Z^e^ and H = Zpp'^^ei Zpp'^^g^ © ... © 
'LpP"''^ed for some ai, . . . , > 0. The G-set G/H has the form 

G/H ^ Zp/p"iZp X Zp/p^^z^ X ... X Zp/p-'^Zp. (14) 

As a group, G/H is usually a product of d nontrivial cyclic p-groups. For some H, Oi = for 
all but one i, making T = G/H a cyclic group. 

Definition 4.1. Let G be any profinite group and be an open normal subgroup. A G-set 
T = G/N where G/N is a cyclic group is called a cyclic G-set. 

An important property about cyclic G-sets T when G is a pro-p group is that the G-sets U < T, 
which is called the strict downset of T, form a chain. 

For G = Zp, from the large number of Zp-bases of G it is reasonable to expect that there are 



many cyclic G-sets of each size as the size grows. We will use cyclic G-sets later (Lemma 4.4) to 
find nonisomorphic G-sets of the same size with the same strict downsets, i.e., the G-sets lying 
below them in the frame of G are the same, which will be important in Section [5] 

For each T £ -^(G), there is an open subgroup H G G with T = G/H, and H is uniquely 
determined by T since G is abelian: H is the common stabilizer of all points in T. Using a Zp-basis 
{ei, 62, ... , Cd} of G we can identify H with p"^Zp x p^^Zp x • • • x p^^'Zp (this amounts to applying 
an automorphism of G), so the G-sets below G/H in J-{G) are in one-to-one correspondence with 
the (open) subgroups of G that contain p°'^Zp x p^^Zp x • • • x p°''^Zp. 

The frame of J-{Zp) is linearly ordered so every element has a unique cover. Since every subgroup 
of Zp is isomorphic to Zp and there are p'^~^ + . . . + p + 1 maximal subgroups of Zp the number of 
covers of each element of J~{G) is the same. 

Theorem 4.2. ZeiTG J"(Z^). It has p'^'^ + . . .+p+l covers in F{Zfj and in the caseT > Z^pZ'^, 
it covers p'^~^ + . . . + p + 1 elements of J'{Zp) . 

Proof. Let H be the stabilizer of T. Covers of T correspond to subgroups of H with index p, which 
correspond to maximal subgroups of H/pH = (Z/pZ)'^. By duality the number of such subgroups is 
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the number of subgroups of H/pH with size p, namely the number of linear subspaces of (Z/pZ)*^. 
That is (/ - l)/(p - 1) = 1 + P + . . . +/^^ 

Similarly, if T covers U then U = Z'^/K where H C K and [K : H] = p, so the sets which T 
covers correspond to subgroups of size p in Zip/H. The number of such subgroups is the same as 
the number of subgroups of index p. When ZpH > Z^/pZ^, we have H C pZ^. All sub groups of 
Zp with index p contain pZp, so the number of subgroups of index p in Z^/H and Z^/pZ^ is the 
same. 

□ 

In some calculations, it was noticed that many pairs of coordinates in sums or products of certain 



Witt vectors are equal. This is described formally by Lemmas 5.1 and 5.2 below and motivates the 
following definition. 

Definition 4.3. A nonisomorphic pair of G-sets T and T' , whose strict downsets agree, is called 
linked. 

For a linked pair of G-sets T and T' , #T = ^T' since for any U < T of maximal size, 
= pi^U. Therefore #T' = pi^U = #T. An example of such a pair T and T' is labeled in 
Figure [2j The pair Vi and V2 in Figure [2] is not linked since the G-set C/i is below Vi and not below 
V2. 





Figure 2: Linked and non-linked G-sets, G = Z^. 

Our first task is to show that linked pairs of G-sets of arbitrarily large size exist for G = Z^ for 
d > 2. Of course, there are no linked Zp-sets. 

Lemma 4.4. For each n > 1 and cyclic G-set T of size p""^^ , there is a linked pair of cyclic G-sets 
Ti and T2 covering T. 
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Proof. Since G is abelian, G-sets G/H for different (open) subgroups H are nonisomorphic. Since 
d >2, there is more than one subgroup of index p. That settles the case n = 1. 
Now let n > 2 and write T = G/H. There is a unique chain of subgroups 

H = KoCKiC-- - C Kn-i = G 

where [Ki : H] = for all i. 

There is a Zp-basis of Z^, {ei, . . . ,6^}, such that H = 0fji Z^ej © Zpp^'^ed. Consider the 
subgroups Hi = ^^Zl Z^e, © Zpp'^ed and H2 = S^Ti ZpCi © Zppcd-i © Zp(erf_i +p"~^ed). Clearly 
Hi C H and C -ff and both G/Hi and G/H2 are cyclic. Since ^G/Hi and ^G/H2 are both 
p", G/f^i and G/H2 are covers of G/ff. 

Set Ti = G/Hi and T2 = G/H2. Since Hi 7^ i72, and T2 are nonisomorphic. To show their 
strict downsets agree, we use the cyclic condition. The G-sets U < Ti are G/Kj for i = 0, . . . , n — 1. 
The same argument applies to T2, so the same G-sets lie strictly below Ti and T2 in the frame of 
G. □ 



5 Non- finitely generated ideals W2;d(/c) 

When /c is a perfect field of characteristic p and d > 2, one might expect the rings W2d(A;) generalize 
the classical Witt vectors Wzp(A;) in the same way that A;[[Xi, . . . , X^]] generalizes the 
power series ring in d variables over a field is a complete local Noetherian domain with dimension 

that W2d(A;) is not a domain whether or not k is perfect. On the 



d. We will see in Theorem 



6.1 



positive side, W2<i(/c) is a local ring (Corollary 3.21), whether or not k is perfect, and it is complete 



with respect to the initial vanishing topology (Theorem 3.5) which is the same as the profinite 



topology since Z^ is topologically finitely generated (Theorem 3.7). It is plausible to guess, by 



analogy to A;[[Xi, . . . jX^^]], that the maximal ideal of W2d(/c) is generated by the Witt vectors 
LUri^) for #T = p, but we will see this is false in a very strong way: W2d(A;) is not Noetherian, 
whether or not k is perfect. This is because, as we will see, the square of the maximal ideal of 
W2<i(fc) is much smaller than intuition suggests. 



5.1 W2d(fc) is not Noetherian for d >2 



4.4 



to prove two lemmas below that describe 



To prove W2d(fc) is not Noetherian, we use Lemma 
different coordinates that are equal in a sum and product of suitable Witt vectors. The upshot, 
is that Witt vectors in the square of the maximal ideal of W2d(A;) have built-in 



Theorem 



5.4 



redundancies in linked coordinates which occur arbitrarily far out into the frame of Z^ when d> 2. 



We continue to use the convention that G stands for Z^. 
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Lemma 5.1. Let A be a ring. Given linked G-sets T and T' and a finite collection of Witt vectors 

m 

ai, a2, . . . , Sim G Wg(A) such that {sii)T = {^)t' for 1 < i < m, set s = aj. Then st = st'- 

i=l 

Proof. By induction it suffices to check the case m = 2. 

Since T and T' are hnked i.e., the G-sets strictly below T and T' in J-{G) are the same, 
#T = ^T' and the Witt polynomials WriX) and Wt' (X) are the same up to the roles of Xy, Yt 
and Xj" , Yt' in them. Therefore the two sum polynomials St and St' are the same up to the roles 
of Xt, Yt, Xt', and Yt' in them (and we know how Xt, Yt, Xt' and Yt' appear in St and St' 
by Theorem 2.11). So when Witt vectors ai and a2 have the same T and T' coordinates, since T 
and T' are linked we have 5T(ai,a2) = S'x"(ai,a2). Thus (ai + a2)T = (ai + a2)T'- 

For a second argument, let R = Z[X, y] and choose Witt vectors x and y in Wg{R) with 
xu = Xu and yu = Yu for all U ^T' , xt' = Xt, and yT' = Yt- These are "generic" Witt vectors 
with equal coordinates at T and T' . We will show for z = x + y that zt = zt'- The lemma will 
then follow by functoriality. 

The T-th Witt polynomial has the form 

Wt{X) = ^Uxf*"". 

U<T 

Consider the equations Wt{z) = Wt(x) + WT{y) and Wt'{z) = ^^/(x) + WV'(y)- Writing these 
equations out, 

#Uzf'*^ = Wx^*^ + yf'*^) (15) 



U<T U<T 



and 



U<T' U<T' 



Since T and T' are linked, #T = #T' and {U < T} = {U < T'}, so after subtracting (16) from 
(15) we get i^T{zT — zt') = #T(xt — xt' +yT — VT') = in i?, which gives zt = zt', as desired. □ 

Unlike the previous lemma, the next one is specific to rings of characteristic p. 

Lemma 5.2. Let A be a ring of characteristic p. Given a pair of linked G-sets T and T' and 
elements a and b ofWciA) such that oq = bo = 0, the product m = ab satisfies m-r = niT'- 

Proof. Let R = Z[X, y] and define x and y in Wg{R) by xu = Xu and yu = Yu for all U. Set 
z = xy. We will show 

ZT - ZT' = {xT - XT')yl + {yT " yT')xQ mod pR. 

Since A has characteristic p, it would then follow by functoriality that ab has equal T and T' 
coordinates in Wg{A). 
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Since the T-th Witt polynomial is a multiplicative function Wt- WG'(i2) — )• R, Wt^z) 
WV(x)PFT(y): 

u<T \u<T J \U<T 



Isolating the zt term, 



A 



^(7<T / \C/<T / U<T 



Likewise looking at the T' coordinate we have 

(18) 

Since T and T' are linked, #r = ^T' and {U < T} = {U < T'} so the z-terms being subtracted on 



\U<T' J \U<T' / U<T' 



the right side of ( 17 ) and ( 18 ) are the same. Subtracting ( |18[ ) from ( 17 ) and setting #T = ^T' = p" 
we have 



V \ / . P \ . V 



M<T I \u<T I U<T 



E #uxr E ^uyu"" + E 

1/<T' / \U<T' / U<T' 

p^^xrVT+p'^XT E *Uy*^ +P'"yT E 

U<T U<T 

-p^^xT'VT' -p'^XT' E *uyt -p'^VT' E 

(7<T' U<T' 
p'^XTvC +P'^xl"yT -p^'xT'vf -p"2;f yT' mod p'^+^-R 
p'^ixTVo +x^ VT - xt'Vo - ^0 Vt') mod 
p"((xT - XT')yf + (yr - yT')xf) modp^+^i?. 



So - = (xT - xr')yo +(yT-yT')a;o mod pi?. 



□ 



5.2 



is necessary. Consider the case G = Zf, 



Remark 5.3. The characteristic p hypothesis in Lemma 
for d > 2 and Wg'(Z). Any pair of nonisomorphic G-sets of size p is linked. Given two vectors 
a, b G Wg'(Z) such that ao = bo = 0, set m = ab. For T G J^{G) such that #T = p, the formula 
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for Mt in Example 2.5 implies tut = paxbT, which depends on T for suitable choices of a and b. 

The point of these last two lemmas is that for linked G-sets T and T' , the T and T' coordinates 
of a sum are the same if we make an assumption about the T and T' coordinates of the summands, 
while the T and T' coordinates of a product are the same if we make an assumption about the 
coordinates of the factors at the trivial G-set. 

Let A; be a field of characteristic p. For n > 0, recall the notation 

Ipn = Ipn{G,k) = /pn(Z^,fc) = {a G ( fc) ; ot = if #T <p'^}. 
The unique maximal ideal of Wg(/c) is m = Ip{G, k). 

Theorem 5.4. Let T and T' he linked G-sets. Any element of xv? has equal T and T' coordinates. 
Proof. Any element of is aibi + • • • + a^b^ for some a^ and bj in m. Lemma 



5.2 



shows that 



ajbj has the same T and T' coordinates for all i. Applying Lemma 5.1 shows that this equality of 
coordinates is preserved when passing to the sum of these products over all i. □ 



Since Lemma 4.4 shows that there are linked G-sets of arbitrarily large size, Theorem 5.4 puts 



infinitely many constraints on elements of m^. Theorem 5.4 was first observed in examples, where 
many redundancies were noticed in different coordinates of a product of elements of Wg2(F';i[X, Y]) 
that each have first coordinate 0. This is also how the importance of linked G-sets was discovered. 
We are now set to use them to prove our first main structural theorem. 

Lemma 5.5. Let k he a field of characteristic p and m he the unique maximal ideal o/ Wg(/c). 
Then dimfc(m/m^) = oo. 

Theorem 5.6. The maximal ideal ofWcik) is not finitely generated, so Wcik) is not Noetherian. 

Proof. Using Lemma |4.4| for each n > 1 there are linked G-sets r„ and in J-{G) of size p". In 
particular, {U : U < T„} = {U : U < T^}. The Witt vector ujt„{1) lies in m. For each r > 1 we 
will show the r Witt vectors ujti{^), ■ ■ ■ ,u}Tr{^) are linearly independent over k in m/m^. 
In m/m^, suppose we have a /c- linear relation 

aiWTi(l) + • • • + ari^Tr(l) = mod m^, 

for some G k. The product aiCOTii^) in m/m^ really means, as a Witt vector, a;o(aj)i^Ti(l) rnod 
m^. By Theorem 2.10, u!o{ai)ujTiil) = uJTi{ofi )• Therefore 



ujTi (a?) -\ 1- ^Tr{o(f) = mod m^. 



(19) 



Since the supports of coTiioi^ ) for 1 < z < r are disjoint, by Theorem 2.8 these Witt vectors can 
be added coordinatewise: the left side of (19) is the Witt vector with Ti-coordinate and other 
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coordinates equal to 0. Since this sum is in m , its Tj- and T/-coordinates are the same by Theorem 



5.4 



The Tj'-coordinate is for all i, so =0 for all i. Thus every Oj is in k. 
Since we have found r linearly independent elements of m/m^ for any r > 1, its /c-dimension is 
infinite. 

A finite set of generators of m would span m/m^ as a /c- vector space. We have just shown that 
no such set can exist, so m is not finitely generated. Hence Wg'(^) is not Noetherian. □ 

Corollary 5.7. If A is a ring of characteristic p then Wg'(^) is not Noetherian. 



Proof. For any maximal ideal M in A, the ring Wg{A/M) is not Noetherian by Theorem 5.6 and 



it is a quotient ring of Wg'(j4) by functoriality. □ 

Remark 5.8. For an infinite pro-p group G with arbitrarily large pairs of linked normal G-sets, 
the results of this section go through. For such pro-p groups, Wg(/c) is not Noetherian when k is 
a field (or ring) of characteristic p. 



As another application of Theorem 5.4, we compare the m-adic and initial vanishing topologies 
on Wg(A;). From Corollary 3.19, m" C Ipn for all n, so every Ipn is open in the m-adic topology 
on WGr(/c). Of course m is open in the initial vanishing topology (defined by the ideals Ip^) since 
m = Ip. We are going to show for s > 2 that m'* is not open in the initial vanishing topology. 

Theorem 5.9. For each s >2, the ideal in Wg(/c) does not contain any Ipr. 

Proof. Since m'' C for s > 2, it suffices to show contains no for r > 1. For any n > r. 



there are linked G-sets Tn and of size by Lemma 4.4 Then u}t„{'^) € Ip^ and by Theorem 
5^a;r„(l) m^, so Ipr m^. □ 



5.2 yVz2{k) is not coherent 

Our next goal is to show for G = Zp and p odd that Wcik) is not coherent; a finiteness condition 
weaker than being Noetherian. We will need to keep track of a new partial ordering on J-{G). This 
new partial ordering makes sense with no extra effort for G = with any d > 1 so we will state 
it in this generality. Consider the descending subgroup filtration 

G^pG^p'^G^---^p^G^ p'^+^G ^ • • • , 

which leads to the rising family of G-sets 

= G/G < G/pG < G/p^G < ■ ■■ < G/p'^G < G/p^+^G <■■■ 

in J-(G). 
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Definition 5.10. For G = Z^, the level of T e F{G) is the largest n > such that T > G/p'^G. 
We write Lev(T) = n. 

This definition makes sense, since if T > G/p^G then > p"'^, so n is bounded above, and 
T > so we have somewhere to begin. To get a feel for this concept, we describe it on coset spaces. 
Write T = G/H for a unique open subgroup H of G. We have T > G/p"'G if and only \i H <Z p^G. 
Therefore Lev{G/H) is the largest n > such that H C See Figure |3j 




Figure 3: Initial G-sets of Level 0, 1, 2 in T{G) for G = Z|. 

If G = Zp then Lev(r) and #r are basically the same concept, since #T = p^^^C^) . The level is 
something genuinely new when G = Zp for d > 2. In this case neither nor Lev(T) determines 
the other; all we can say in general is that #T > p'^Lev(T)^ 

Writing the cyclic decomposition of G/H as Z/p^^Z x Z/p^^z x ••• x Z/p^'^Z, its level is 
minjoi, 02, ... , ad}- This makes it easy to produce examples. 

Example 5.11. For a > 1, the G-set Z^/(Zp xji'^Z^-i) of size ^•"('^^i) has level since Zp xp'^Z^-i 
is contained in G but not pG. So when d > 2, arbitrarily large G-sets can have level (but not 
when d = 1). 

Example 5.12. There are arbitrarily large G-sets of any chosen level n when d> 2: use Zp/(p"Zp x 
^a+n 2^-1) with a-^oo. 

Theorem 5.13. For d>2, each Tip-set of level n is covered by more than one G-set of level n. 

Proof. Let T be a G-set with Lev(T) = n. Pick a Zp-basis {ei, . . . , e^] of Zp so that T = G/H with 
H = Zpp"iei + . . . + Zpp'''«ed, where n = oi < 02 < . . . < a^. When d > 3, X]f=i Zpp"'ei + Zpp"<'+^ed 
and X]i=^(i-i Zpp'^'ej + Zpp'^''-i+^erf_i are subgroups of H with index p and they are the stabilizers of 
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two distinct G-sets covering T both with level n. If d = 2, on the other hand, Zpp"'^ei + Zipp""^^ 62 
and Zp{p°'^~^^ei ■^p'^^ei) + ZpV"'^^2 are subgroups of H with index p and they are the stabilizers of 
two distinct Z^-sets covering T both with level n. □ 

For any T G -^(G), {U : #U < #T} and {U : U < T} are finite (the latter is a subset of the 
former), but {U : Lev({7) < Lev(T)} is infinite. This is an important distinction to remember. 

Remark 5.14. When d > 2, any nontrivial cyclic G-set looks like Zp/(Zp~^ x p°''Zip) with a > 1 
after a suitable choice of basis for Z^, and Z^"^ xp^Zp is not contained inpZp (this is false for d = 1), 
so all cyclic G-sets have level 0. When d = 2, a G-set of level is isomorphic to Zp/(Zp x p^Zp), so 
level and cyclic in J-{Zp) mean the same thing. For d > 3, some G-sets of level are not cyclic, 
such as Z^/(Zp X pZp x p^Z^-^) ^^^j^ a > 1. 

A commutative ring A is called coherent provided that whenever / C ^ is a finitely generated 
ideal, there are free A-modules A"^ and A"' fitting into an exact sequence A"^ — )■ —)■/—)• 0. A 
necessary condition [3l p. 95] for A to be coherent is that the annihilators Ann(x) = {a £ A : ax = 
0} for each x £ A are finitely generated. We will show that Wo(k) does not satisfy this necessary 
condition when G = Z^ and p is odd. For the rest of this subsection G = Zp unless otherwise 
stated. 

Fix a G-set V such that i^V = p. We will show the annihilator Anny = {w G Wcik) : 
wcjy(l) = 0} is not a finitely generated ideal. Pick a different G-set W also with i^W = p. Such a 
choice is possible since there is more than one maximal subgroup of G. We will describe a collection 
of G-sets {Tj,Tj}j>2 such that 

• Tj and Tj are cyclic with size p^ , 

• W <Tj and W < Tj, and 

• for j > 3, both Tj and Tj cover Tj_i. 

It follows that Tj and Tj are linked. To make this construction explicit, write W = G/ H\\r and 
choose a Zp-basis {61,62} for G such that Hw = ZpCi © Zpp62. So in this basis H]y = Mpv(Zp), 
where Mw = (hp)- 

Define Tj = G/Hj where Hj = MjiZj) for Mj = (jp° ). Likewise define Tj = G/H'j where 

//;. = Mj(Z^)forMj = (^/.). 

Figure |4] is part of the diagranj^for J-{Z'^) with V, W and Tj and Tj labeled for j = 2 and 3. 
Now we can make a precise statement about the G-sets which lie above the G-sets Tj or Tj. 

Lemma 5.15. Let T be a G-set with Lev(T) > 0. For each j > 2, ifT lies above one of Tj or Tj 
then it lies above the other one also. 

^Some covering relations were not drawn to preserve readability. 
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Level 1 



Level 




Size 1 3 9 27 



P 1 

pJ-i 



Figure 4: Portion of the frame T{G) where G = Z|. 

Proof. Recall we have already chosen a Zp-basis {61,62} of so that in that basis Tj = G/Hj 
where Hj = MjiZj) for M,- = (^J ^- ) and Tj = G/H'- where H'j = M'-{Zl) for Mj : 

Using Hermite normal form, an arbitrary G-set T with Lev(T) > is isomorphic to G/H where 
H = M//(Zp) for Mh = i^'^Q ^ and r > 2, s > \, 1 < h < and The conclusion of the lemma 
is equivalent to the statement that whenever H C Hj then H C H'^ also, and vice versa. Notice 
that H C Hj if and only if MJ^Mh G Mat2(Zp). Since Mr^ = {l^-j^, M'^Mh = ^tj^ 

( r-l b P° \ 

and C if and only if s > j. Also Mj"^ = (^~^ 'Jl] ) , so M'-^Mh I • That 



p- , 



p''""'^ G Zp is automatic and since 6/p € Zp. So, M'^^Mn is in Mat2(Zp) if and only if 
psy^' ^ or equivalently s > j. Since the conditions for H <^ Hj oy H c_ H'- are the same, 
assuming either inclusion guarantees the other. □ 

Our aim is to show that Ann^/ is not finitely generated. We will do this using a subset Ny of 
Anny that is defined in the next lemma. 

Lemma 5.16. Let p he odd. The subset 

ATy = {a e Wg(A;) : ct,- + a^j = Q andau = Q for U ^ {Tj,T^}j>2} 
is contained in Anny.' i/a G Ny then aujy{l) = 0. 
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Proof. Let = Z[X] and x be the Witt vector in Wg{R) such that xu = for U ^ {Tj,Tj}j>2, 
XT = Xt , and x^i = —Xt for j > 2. Every a G Ny is the image of x under a ring homomorphism 
Wg{R) Wg(A;). Let v = u;y(l) in Wg{R)- Set m = vx. To prove the lemma it suffices to 
show rriT = mod pR for ah T G ^{G). In fact we wiU show m-r = 0. To show each coordinate 



of m is zero it suffices to show ^^^(m) = for each T G J~{G) by Theorem 2.2, Clearly mo = 
vqXq = 0. By direct computation, Wt(v) = p if T > V and Wt{v) = otherwise. Therefore 
WT(m) = WT(v)M^r(x) = for ah T such that V ^T. 

Let T G J'{G) such that V < T. Assume Lev(T) = and consider the equation WT'(m) = 
H/t(v)Wt(x). Recall the distinguished G-set W V with #Ty = p and TV < T,- and W < T'^ 
Since G = and Lev(T) = 0, T is a cyclic G-set, so from y < T we get W T. Therefore 
Tj ^ T and Tj ^ T for j > 2. Since Tj- and Tj for all j >2 are the support of x, Wt'(x) = 0. Thus 
WTim) = WT(v)VVr(x) = for each G-set T such that Lev(r) = 0. 

Now consider Lev(T) > 1 with V < T. Set = p". Clearly if none of the G-sets Tj nor Tj 
for j > 2 lie below T then WTix) = and so VFT(m) = Wt(v)Wt(x) = 0. We may now assume 



Tj < T OT Tj < T for some j > 2. By Lemma 5.15, if Tj or Tj is below T then both are. Set 



max{j : Tj < T} > 2, so Tj < T and Tj < T for all j G {2, . . . , r}. Now consider the equation 

WT(m) = VFt(v)VFt(x) 
= pVFt(x) 



i7<r 

■A #T/#T, , #T/#T' 

Pl^#TjXj,' '+#TjX^, 



'-] 

J=2 



.=2 



where the last equality comes from the fact that ^T = and ^Tj = #Tj = p' . From the 
definition of x and p being odd, Xj^, + x^, = Xfp, — Xtp, = 0. Therefore WT(m) = 0. □ 

Vectors in a finitely generated ideal (bi, . . . , b^) are finite sums Y7i=i t>iCj, where Cj G Wg'(A;). 
When each bj is in m, we will derive a universal formula for selected coordinates in bjC, and then 
for Y2l=i^i^i- The coordinates are in characteristic p; by "universal formula" we really mean a 
mod p congruence involving selected Witt vectors over a polynomial ring over Z. Functoriality will 
turn such formulas into formulas in Wg'(A;). 

Lemma 5.17. Let R = Z[X, y] and x and y be the Witt vectors in Wg{R) with xq = 0, xjj = Xjj 
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for U ^ and yjj = Yjj for all U € J~iG). Let z = xy. For any cyclic G-set T, 



MJT' 

zt = XtYq + V'T mod pR, 

where ipx G Z[{Xu,Yu}u<t]- 

Here x is a "generic" Witt vector with first coordinate and y is a "generic" Witt vector. A 
general element of m and a general element of Wg(A;) will be homomorphic images of them. 

Proof. If r = then zq = XqYo so the result holds. Assume T / 0. Since Wt- Wg{R) — )• i? is 
multiplicative, Wt{z) = WT(x)WT(y): 



U<T \U<T J \U<T J 

Let #T = p" with n > 1. Since T is a cyclic G-set, for each i < n there is a unique Ut £ ^{G) 



such that Ui <T and #Ui = p^. Therefore (20) becomes 



i=0 \r=l / \s=0 / 

where the first sum on the right starts at r = 1 since xq = 0. Solving for zt = zjj^, 

/n—l \ / n \ n—l 

rt — r „ \ / ^ — ^ „ — s \ ^ — ^ ■ ^n — i 



p-^T = [EfxC'+p-xrj[Yf + Y/yfrj-Ep% 

n n—l 

= p-XrYf + p-Xt Y + yf E P'^u 

s=l r=l 
/n—l \ / ^ \ n—l 



\r=l / \s=l / i=0 



In this last expression for p'^zt, the second term is divisible by p'^~^ , every part of the third term 
involves Yq and powers of Xjj for U < T, the fourth term when expanded involves powers of Xjj 
and Yy for U < T and V < T except when s = n, whose terms are '}2r=i P^~^^ -^Ur ^ multiple 
of p""^^), and the fifth term involves Xjj and Yy for U < T and V < T (each zij. for i < n — 1 is a 
polynomial in Xjj and Yy where the indices U and V run over G-sets < Ui < Un = T). Therefore 
if we reduce mod p^^^R we get 

p'^ZT = p^XrYf + ^t({^i/, Yu}u<t) mod p'^^^R 
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for some *t € 'Z'[{Xu,Yu}u<t]- Since zt € R, every term except '^t is in p^R, so ^'t € 
Write '^T=p""ipT, with e Z[{Xu,Yu}u<t]- Then 

p"zT = P^^tIq'" + P^'^T mod p'^+^i? ^ = XrYf + Vt mod pi?. 

For future reference, 

^t{{Xu,Yu}u<t) = Y*^ ^Uxf*"" 

0<U<T 

+ E #UX*^'*' E ^UY^*" (21) 

0<!7<T Q<U<T 
0<!7<T 

and = (l/#r)*r- □ 
For a finite collection {xi, . . . ,Xr} C Wg(A), denote by Xi^T the T-th coordinate of the vector 

Xj. 

Lemma 5.18. For r > 1, let Rr = Z[X^i, . . . ,X^j.,Y^i, . . . ,Y_j.] be the polynomial ring in 2r sets 
of variables indexed by T{G), X^ = {Xi^u}i<i<r,UeJ'{G) and Y^ = {Yi^u}i<i<r,UeJ'{G) indexed by 
U G ^{G). Let xi, . . . , x^ and yi, • • . , Yr- be the Witt vectors in 'WoiRr) with coordinates = 0, 

r 

Xi^u = Xi^u for U ^0 and yi^u = Yi^u for all U G T{G). Set z = ^ 'X-iYi- For any cyclic G-set T, 



i=l 



ZT^Yl ^^,TYff + /r mod pR, 



i=l 



where fr G 'Z[{Xi^u,Yi,u}u<T,i<i<r]- 

Proof. If T = then zq = Yli=iXiflYifl, so the result is true. Now let's assume T ^ 0. Set 
#T = > 1 and Zj = x^yj, so z = J2l=i^i- Since Wt- WciRr) ^ -Rr is additive, Wt(z) = 



U<T i=l U<T 



Separating the terms for U = T from U < T and isolating zt on one side, 

p-zr = ±p-z,r + t f E - E *Uzr'*'- (^2) 

i=l 1=1 \U<T / U<T 

Each zjj is an integral polynomial in Xjy and Yjy ioi V < U and j = 1,2, ... ,r and each Zi^u is 
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an integral polynomial in Xiy and Yiy for V <U . Apply Lemma 5.17 to each zi^t'- 

Zi,T = Xi^TYfo + iJi,T mod pZ[X.^,Yi], 



(23) 



where tpi^T ^ '^[{Xi^uT^i,u}u<T]- Note ipi^T depends only on variables indexed by G-sets strictly 
below T (see ([2T|)). Substituting (23) into (22), and collecting terms, 

r 

p^ZT =P''Y. ^^^tYI^ + M{Xi,U,Yi^u]u<T,l<i<r) mod p'^+^Rr, 
i=l 

where Ft is an integral polynomial in the indicated variables. Since zt G Rr, we get Ft G p^Rr, 
so Ft =p'^fT, where /t G 'Z[{Xi^u,Yi,u}u<T,i<i<r]- Therefore 

r 

ZT = '^ Xi^TY^Q + /t mod pRr. 



1=1 



□ 



Lemma 5.19. For r > 1, Zei i?,. 6e as in Lemma 5.18 antf let xi, . . . ,Xj, and yi, . . . ,yr &e defined 

r 

in V<Ig{R) by Xi,o = 0, Xi^u = Xi^u for U ^0, and yi^u = Yi^u for all U G F{G). Set z = Yl ^iYi- 

i=l 

For n > 1 and a linked pair of cyclic G-sets T and T' such that = ^T' = p^ , 



ZT - ZT' = ^(Xj^T - Xi^T')Y-'Q mod pRr- 

i=l 

r 

Proof. Set Zj = x^yj, so z = ^ Zj. Since Wt- WciRr) — ^ Rr is additive, Wr(z) = Yli=i ^T(zi): 

i=l 

^ #U.r*" = t E *"'tS'*"- (24) 



U<T 

Likewise with T' in place of T, 



i=l !7<r 



(25) 



U<T' 



i=l u<T' 



Since T and T' are linked, {[/ < T} = {U < T'}. Since we set = #T = #T' , subtracting (25) 
from (24) gives us 

r 

p'^ZT - p'^ZT' = ^(p"zi,T - P"^»,T'), 
i=l 
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so 



(26) 



1=1 



Apply Lemma 5.17 to Zi^T and zit' for i = 1, , 



, r: 



Zi,T = XiTYl^^ + Vi,T mod pZ[X„ y,], Zi^T' = ^*,T'>^^ + ^i,T' mod pZ[Xi, (27) 

where ijji^T and V'i.T' are Z-polynomials in Xi^u and l^^c/ for U < T and u < T' respectively. By 
(21) and the fact that {U < T} = {U < T'} (the key point!) we have ipi^T = ''Pi,T'- Substituting 
(27) into (26), the -(/''s cancel and we're left with 



ZT - zt' = '^{Xi^T - Xi^T')Yi^fi mod pRr- 

i=l 



□ 



Corollary 5.20. For r > 1, pick bi, . . . , € m and ci, . . . , G Wcik). Set a = ^ bjCj. For 

i=l 

n > 1 and a pair of linked cyclic G-sets such that = ^T' = p^, 



1=1 



Proof. Use Lemma 5.19 and functoriality. 



□ 



Remark 5.21. Lemmas 5.17 5.18, 5.19 and Corollary |5. 20 hold for any abelian pro-p G, not just 



G = Zl 



Just to recap, we are concerned with showing Anny = Ann(a;y(l)) = {w € Wcik) : wa;v(l) = 
0} is not finitely generated, where V € J^{G) for G = Zp with j^V = p, p odd, and k a field of 
characteristic p. Given a finite subset {bi, . . . , b^} of tn, using Corollary 5.20 we see that vectors 
in the ideal (bi, . . . , b,.) satisfy a relation among pairs of coordinates indexed by any linked cyclic 
G-sets T and T' . Since there are infinitely many such pairs of coordinates and only finitely many 
generators for the ideal, we will see that there are elements of Anny that can't appear in an ideal 
(bi,...,br). 

Theorem 5.22. Let p be an odd prime and G = Z^. For V £ J'{G) such that = p, the ideal 
Anny is not finitely generated. 

Proof. Pick r > 1 and bi, . . . , b^ G m. Let / be the ideal (bi, . . . , b^). We want to show / ^ Anny. 
In particular we will show A^y <^ I. For each a G / there are Ci,...,Cr £ Wcik) such that 

r 

a= J2 biCj. 

i=l 
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Recall the collection {Tj,Tj} for j > 2 such that Tj and Tj are linked cyclic G-sets of size . 

r 

- At; = X]( 



By Corollary 5.20 



,1 

1,0 



i=l 



for j > 2. For any n > 2, collect these equations for j = 2, . . . , n into a matrix equation over k: 
with _Bij = bi^Tj - bi,T', 



OT2 








— ar' 





B 



1,2 



. 



. 



'^1,0 

"-2,0 



-Bl n • • • Br n. Q 



^1,0 
^2,0 



The matrix with entries Bij only depends on coordinates of bi, . . . ,hr- For each a G / = 
(bi, . . . , hr), writing a as a WG'(/c)-linear combination of bi, . . . , b^ shows there are ci^, . . . , Cr,o 
in k which solve the matrix equation above. If / = Anny then we can choose a G Ny- Then 
ut — CLrp' = 2aT since ax + Ot' = 0- Hence ay. — arpi can be chosen arbitrarily in k for j > 2 since 
p is odd, so 2 £ k^ . 
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Thus the polynomial map (p : ^ given by 



Cl,0 




B2,l ■ 




. 


. . 








C2,0 




. 


. 


^3,1 • 


• ^3,r • 


















Cr,0 




. 


. 


. 


. . 


• Bn,l ■ 


Bn,r 



•-2,0 



J'" 
^-2,0 



J'" 
L ^rfl 

would be surjective. If k is finite then if^^k^) > so r > n. If k is infinite, by a transcendence 

degree argument r >n. We started with no connection between r and n, so by using n > r we get 
a contradiction. □ 

Corollary 5.23. The ring ^zj,{k) is not coherent when p is odd and k is a field of characteristic 
p. 



•^2,0 



,3 







Proof. By Theorem 5.22, for V G ^{G) with = p the annihilator ideal of u}y{l) is not finitely 
generated, so Wg'(A;) is not coherent. □ 



6 Zerodivisors of Wg'(A;) 

When is a field of characteristic p, the classical Witt vectors Wzp(fc) form a domain. We will see 
this is not the case for the Witt vectors associated to any other nontrivial pro-p group G. 

There is an isomorphism between Wg'(Z) and the Burnside ring of almost finite G-sets. A 
G-set is almost finite when its orbits have finite size and the isomorphism type of any orbit appears 
finitely many times in G. One associates to a = {o,t)t£F{G) ™ Wg(Z) the almost finite G-set 
WrpaxT, where T has multiplicity ot (formal multiplicity if ay < 0) [Ij. In particular, T in the 
Burnside ring of G corresponds to ijOt{I) in Wg'(Z). 

Theorem 6.1. If G is a nontrivial pro-p group and G ^ Zp, then W(3(Fp) is not a domain, so 
Wg(^) is not a domain for any ring A of characteristic p. 
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Proof. We treat separately the cases that G is pro-cyclic and not pro-cyclic. 

The nontrivial pro-cyclic pro-p groups are (up to isomorphism) Zp and Z/p^Z for some r > 1. 
When G = Z/p^'Z, Wg(Fp) = Z/p^+^Z, so Wg(Fp) isn't a domain for r > 1. 

Assume from now on that G is not pro-cyclic. For any open normal subgroup N of G, we will 
show — [G : A^] is a zerodivisor of Wg(Fp). When G acts diagonally on G/N x G/N, 

each orbit is isomorphic to G/N, so the number of orbits is [G : N]. Viewing the Burnside ring 
of G as WGr(Z), this orbit decomposition of G/N x G/N turns into the equation coq/]\[{1)^ = [G : 
N]ujg/n{'^), so 

cog/n{1){^g/n{1)-[G:N]) = (}. 

The homomorphism Wg'(Z) — t- Wg(Fp) induced by reduction mod p from Z to Fp turns this 
equation into the same equation in Wg(Fp), so 

UG/N^i^G/Nil) -[G:N]) = in Wg(Fp). 

The Witt vector ojg/n{^) is not 0, so ojg/n{^) — [G : N] is a zerodivisor of Wg(Fp) for any open 
normal subgroup N of G. 

It remains to show ujg/n{^) — [G : A^] 7^ for some A^. (This is impossible in the pro-cyclic 
case. If G = Zp or Z/p'^Z then there is only one open normal subgroup N of each index and for 
all of them ujQ/j\f{l) = [G : N] in Wg(Fp).) We will focus on N of index p. In a finite p-group, all 
subgroups of index p are normal and in a noncyclic finite p-group there is more than one subgroup 
of index p, so G contains more than one open (normal) subgroup of index p. The G-sets G/N 
for different open subgroups N of index p are nonisomorphic, so there is more than one transitive 
G-set of size p up to isomorphism. Since ojg/n{^) — p is a zerodivisor and p can't equal more than 
one ojg/n{^) in Wg(Fp), at least one WG/Ar(l) — p is a nonzero zerodivisor. 

For the sake of completeness, we will show p ^ (^g/n{^) for every open subgroup N of index p, 
so ojg/n{^)~P 8'nd ojg/n{^) nontrivial zerodivisors. This will follow from a universal calculation 
for multiplication by p in Witt vectors over a polynomial ring, which will tell us p as a Witt vector 
in Wg(Fp) is supported in more than one coordinate, while of course any ujg/n{^) is supported 
only in the G/A^-coordinate. 

In Wg(Z[X]), let X have T-coordinate Xt for all T and write 

px = Ut{,^))t&f{g) 

for some polynomials /t(x) G Z[X]. Since Wt- Wg(Z[X]) -)• Z[X\ is additive, pWt(x) = 
WT((/c/(x))[7ejr(G)), so 

U<T U<T 
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for all T in F{G). Taking T = 0, we get /o = pXq. Taking jj^T = p, 



p{Xl + ^t{T)Xt) = fl + MT)fT = fXl + <^t(T)/t. 
Since T = G/N where N is normal, ipxiT) = = p. Therefore 

fT = {l-f~^)Xl+pXT. 

By functoriality, when ^ is a commutative ring of characteristic p and a G W(;;(A), pa has 0- 
coordinate /o(a) = pa^ = and for #r = p the T-coordinate of pa is fri^) = Oq- particular, 
p = p- (l,0,0,...) has T-coordinate 1 when = p and there is more than one such T when G is 
not pro-cyclic. So p / wc/jvCl) in Wg'(^) for any of index p. □ 

Remark 6.2. It is not hard to see when G = each p'' for r > is supported in WG'(Fp) on 
more than one coordinate. This implies ojqih{\) — [G:H]\sa, nonzero zerodivisor in W2;2(Fp) for 
any nontrivial open subgroup H oiTj^. 

Although Wg(A;) is not a domain and is not Noetherian, this is not a pathological state of 
affairs among p-adic rings. For instance, the ring C(Zp, Qp) of continuous functions from Zp to Qp 
is not a domain and is not Noetherian. This ring is reduced. So we ask: is Wg(A:) reduced? In the 
case G = Zp for any p we will show it is and we will show in some other cases it is not. 

To prove that W2;2(A;) is reduced when k has characteristic p, we seek the right coordinate to 
look at in a power of a nonzero Witt vector to know that the power is also not 0. 

Say X G Wg'(A;) and x 7^ 0. It is natural to consider how x sits in the descending ideal filtration 
{/pn}: there is some /pn for which x G /p" and n is as large as possible, so xt = for < p" 



and some xt is nonzero where t^T = p"". Then x G Ip2n (Corollary 3.19), and we can anticipate 
(if Wg'(A;) is reduced) that x^ has a nonzero coordinate at some G-set of size p^". Which one? We 
need a way to predict a nonzero coordinate in x^ when x 7^ 0. 

To do this we will again utilize the concept of level. Recall for G = Zp that the level of T G ^{G) 
is the largest n > such that T > Gjp^G. The level function Lev: J-{G) — ?• N respects the partial 
orderings on both sets: 

Lemma 6.3. Let G = Z^. IfU <T in F{G) then Lev(?7) < Lev(r). 

Proof. Let n = Lev([/), so U > Gjf'G. Since T>U,we have T > G/p'^G, so Lev(r) > n. □ 

Note that if [/ < T and d > 2 it need not follow that Lev(f7) < Lev(T): we might have 
Lev(C/) = Lev(r). For example, if U = G/H and T = G/K where H = pZ^ = pZ^-^ x pZp and 
K = pZ^-i X p2Zp then K C H so U < T and Lev(C/) = Lev(r) = 1. 
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Lemma 6.4. Let G = Z'^ and T e T{G) have level n. Write T = G/H with H C p^Zp and 
H <f_ p^^^Zp so H = p^H for a unique open subgroup H of Z^. Set T = G/H. Then T has level 
0. Moreover, ifUG J~iG) and Lev(C/) = n then U <T if and only ifU<T. 

Proof. By choosing a suitable basis of Z^, we may assume H = p°'^Zp x . . . x p"<*Zp. The statement 
that T has level n means n = min{ai, . . . , a^}, so H = p"'{p^^Zp x . . . x p^''Zp) with some bi = 0. 
Then H = p'^^Zp x . . . x p^'^Zp and f has level 0. 

To prove the second claim, write U = G/K and K = p^K. We have U < T \i and only if 
H C K and U <T if and only if H C K. The conditions H C K and H C K are the same. □ 

Lemma 6.5. For G = Z^ with d>2 and T G J^{G), set #r = p". For each m> n, there exist T' 
such that #r' =p'^,T < T' and Lev(r) = Lev(r'). 

Proof Write T = G/H. Choose a Zp-basis {ei, 62, . • • , 6^} of Z^ such that H = Ef=i ZpP^'ei. 
Without loss of generality, assume ai < 02 < . . . < and set K = X^fZj^ Zpp"-'ei + Zpp"'*+™~"ed. 
Then K C H and [H : K] = p™"" so G/K is a cover of G/H. Since ai < 02 < . . . < and d > 2, 
minjoi, 02, ... , Cd} = min{ai, 02, . . . , + m — n}, so Lev(G/K) = Lev{G/ H). □ 

Consider Figure [sj The two horizontal lines divide the diagram into regions of Z^-sets with the 



same level. Lemma |6.5| just says that these levels go infinitely far out in the frame. 

p 



Returning to the assumption G = Z^ we have the following lemma. 



Lemma 6.6. When G = Z^ and T and T' in F{G) satisfy T < T' and Lev(r) = Lev(r'), 

{U £ F{G) -.U <T' and Lev(C/) = Lev(T) and #U = #T} = {T}. 
Proof. We have already noted that the set of G-sets of level zero is a tree, so the property is 



obviously true when Lev(T) = Lev(T') = 0. Using Lemma 6.4 one has the result for any level. □ 



Lemma 6.7. Let G = Z^, A be a nonzero commutative ring, and choose any nonzero a € Wg{A). 
There is a Tq £ ^{G) such that ot^ 7^ and ajj = under either of the following conditions: 

• Lev(?7) < Lev(ro), 

• Lev(?7) = Lev(To) and #U < #To, 

Proof. Given a 7^ in Wg'(^), among {T : ay 7^ 0} first select all T with minimal level, and then 
among the T of that minimal level, choose one T of minimal size. Call that Tq. 

If Lev{U) < Lev(ro) then au = since Tq is a nonzero coordinate with minimal level. If 
Lev(C/) = Lev(To) and ^^C/ < ^Tg then ajj = since otherwise Tq is not a nonzero coordinate of 
minimal size among nonzero coordinates of minimal level. □ 
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Remark 6.8. Lemma 6.7 is expressed in a form convenient for the applications we have in mind, 
but it's not a result about nonzero Witt vectors so much as a property of J~{G): for any nonempty 
subset S of J^{G), there is a Tq G 5 such that f7 5 if Lev{U) < Lev(To), or if Lev(C/) = Lev(To) 
and #U < #ro. 



Remark 6.9. In our application of Lemma 6.7 it is important to note the order in which the 



concepts are minimized. Here we are first choosing nonzero G-sets of minimal level, then among 
those we choose one of minimal size. These two minimizations do not commute. Figure [5] depicts 
a nonzero element of W22(/c). The T coordinate is the one of minimal size first and then level, 
whereas the U coordinate is the one of minimal level first and then size. 





Figure 5: Nonzero element in Wg'(F2), G = Zg. 



Now we will use the concept of level to prove something about multiplication in Wg'(A;). The 
end of the next lemma identifies a formula for a specific coordinate in the product of two Witt 
vectors if all the "smaller" coordinates are 0. It is analogous to something simple when G = Zp: if 
a = p"'(ao + P^') and b = p"(6o + ph') then ab = p^"(ao&o + pc). (It is not assumed that ao and 
bo are nonzero.) There is a similar formula even if the p-powers in a and b are not equal, but for 
G = Zp with d >2 we don't have a formula that broad. It seems to be the price we pay for Wcik) 
not being a domain. 

Lemma 6.10. For G = Zp, let a and b he in Wg'(A;) such that there is a Tq £ J~{G) such that 
au = bu = ifLev{U) < Lev{To), or i/Lev(C/) = Lev(ro) and #U < #To. Set #To = p". For any 
T £ J'{G) with size p^" such that Tq <T and Lev(To) = Lev(T), the product ab has T -coordinate 
(«To^To)^". 
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Proof. Let R = Z[X,Y]. Define x,y in Wg{R) by 



xu 



if Lev (^7) < Lev (To), 

if Lev(C/) = Lev(ro) and #U < p", 

Xu otherwise, 



and 



yu 



if Lev(C/) < Lev(ro), 

if Lev(C/) = Lev(ro) and #U < p", 

Yjj otherwise. 



and set z = xy. For any G-set T of size p with Tq < T and Lev(ro) 
zt = {XrpgYTgY'^ mod pR. By functoriality the lemma would then follow. 
For any G-set T, Wt{z) = VFT(x)WV(y): 



Lev(T) we will show 



U<T 



#T/#U 



(28) 



, 1/<T 



By Lemma 6.5 we can choose T > Tq such that #T = p^" and Lev(T) = Lev(To). First we look 



at the left side of (g. Let V < T, so #V < P^"- By Lemma |6J Lev (F) < Lev(r) = Lev(To). 
So either Lev(y) < Lev(r) or Lev(y) = Lev(r). For all U < V with #U < p", both xu and yu 



are zero by hypothesis. The proof of Lemma |3.15| tells us that zy = mod pR when V < T and 
#V < So #Vz*'^^*^ = modp2"+ii? for F < T and #y < p^"^ go the left side of ^ is 
p'^^zt mod p^^'-'^^R. 



Now we turn to the right side of (28). li U < T then Lev(C/) < Lev(T) (Lemma |6.3| ) and 
since Lev(r) = Lev(ro) our hypotheses tells ns xu = ^ and yjy = if Lev({7) < Lev(T), or if 
Lev(C/) = Lev(r) and ^^C/ < p". So the only ?7-terms in each sum on the right side of ( |28[ ) that 
are not automatically have Lev(C/) = Lev(T) and t^C/ > p'^. 



Dropping the terms in (28) where X[/ = and yu = ^ and reducing modulo p'^^'^^R, 



( 



\ 



E 



■ Lcv((7)=Lov(T) 



V<-T 
1 Lcv(i7)=Lcv(T) 



mod p2"+ii?. 



Each summand in the two sums has a coefficient divisible at least by p", so any product of a term 
from each sum is divisible by p'^". A term divisible by p"'+^ in one sum has a product with any 
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term in the other sum that is mod p^^^^R, so 

/ \ / 



U<T 
Lev(i7)=Lov{T) 
\ #U=p" 



E 



U<T 
1 Lcv(i7)=Lcv(T) 



mod 



Dividing through by p and using additivity of the pth power map in R/pR, 



ZT 



U<T U<T 
, Lev{C/)=Lcv(T) Lov(i7)=Lov(T) i 

\ #C/=P" #U=p" I 



mod pR. 



(29) 



What are the V lying below T in T{G) with the same level as T and of size p"? One example 
is [/ = Tq. By Lemma 6.6 this is the only example, so zj- = (Xj'ylyo)^" mod pR. 



□ 



We will only apply Lemma 6.10 when the two Witt vectors are equal, i.e., to the square of a 
nonzero element of Wg'(/c). 



Remark 6.11. Most of the proof of Lemma 
d = 2. In fact ([29]) is true for G 
fact that d 



6.10 



goes through for G = for d > 3 and not just 
TA for d> 2 and it was only at the last step where we used the 



2, which hinged on Lemma 



6.6 



Lemma 



6.6 



is not true for G 



Zip with d > 3 since 

p~2. 



the level part of -7^(Zp) is not a tree. For example when d > 3, Zp/(Zp x pZp x p"Zp ) with 
a > 1 is not a cyclic group and so its strict downset is not a chain. 

Theorem 6.12. For any field k of characteristic p, the ring WG(fc) is reduced for G = Z^. 



3.20 



Otherwise 



Proof. Let v be nonzero in Wg(/c). If then v G Wg'(A;)^ by Theorem 

V G m and it suffices to show for all n G Z+ that v^" is nonzero. Thus it suffices to show if v € m 
and V 7^ then 7^ 0. By Lemma 



6.7 



there is a Tq G ^{G) such that is nonzero but vjj is zero 
for all U G ^{G) where Lev(?7) < Lev(To) or where Lev(C/) = Lev(To) and #[/ < #ro. Lemma 
with a = b = V tells us that has a coordinate equal to v^'^" 7^ 0, so 7^ 0- 



6.10 



□ 



Since ^'^■^{k) is reduced, the intersection of all prime ideals is {0}. So we have an embedding 
W22(A;) ^ W2;2(A;)/p by reduction mod p for all prime ideals p. The latter ring is a product of 
domains. A natural question to ask is: what are the rings W22(A:)/p? For G = Zp we can describe 
a natural collection of prime ideals in Wg(A;). Let /: Z^ -» Zp be a continuous surjective group 
homomorphism. So / induces a surjective ring homomorphism W2£i(A;) ^Zp{k) whose kernel 
is a prime ideal. We want to make this ring homomorphism explicit in terms of the frame of Z^, 
so we can visualize all these prime ideals. 
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Pick a Zp-basis {ei, . . . , Cd} of Zp so that Z^ = Yli=i'^p^i some d' < d, kerf = 

Yh=i '^pP""(ii where ao, • • • , a^/ > 0. Then Z^/ ker / = Z]iLi(Zp/p''"Zp)e7 + ZpC^. Since we 

know this quotient is isomorphic to Zp, d! = d — 1 and ai, . . . , ad-i = 0, so /(xici + . . . + x^erf) = 
f[^d)xd where /(e^) G Zp . After readjusting our basis, we can assume /(Cf^) = 1 so / is projection 
onto the e^-coordinate. Set = ker /. The open subgroups of Zp containing are A^ + Zpp^Cd 
for r > 0, so the image of J='{Z^/N) in T{Z^) is the Z^-sets 

d d-1 

Z^p/{N + Zp/ed) = ^pe^/iYl Zp^i + V^d), (30) 

i=l i=l 

which form a chain of cychc Zp-sets of level 0, like all cyclic Zp-sets. 

When d = 2, all Z^-sets of level are cyclic and the sets of level are a tree, so (30) as r varies 
is a path in level in J^(Zp). See Figure [6| 




Figure 6: Level path in G = Z\. 

The ring homomorphism ^•zd{k) Wzp(fc) induced by / is projection onto the coordinates 
indexed by (30), so the kernel of this ring homomorphism is a height one prime ideal in W2,d{k). 
Denote it by p/. All cyclic Zp-sets have the form Yli=i '^p&i + '^pP^ ^d for some Zp-basis {ei, . . . , e^} 
and r > 0, so 

Pi p^nm= Pi P/ = {a G Wzd(A;): ay = if T is cyclic}. 



which is not {0} since cyclic Z^-sets have level 0. Theorem 6.12 tells us the nilradical of ^2^2{k) 
is {0}. Therefore there must be additional non-maximal prime ideals in W22(fc) beyond those 
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we have constructed here (and similarly in W2,d{k) for d > 3 if we could show all these rings are 
reduced). Further examples of prime ideals in ^z^i^) have not yet been found. 

Next we will see that Wg'(A;) is not reduced for G = Z/pZ x Zp where p is odd and k a field 
of characteristic p. Viewing G as Zp/(pZp x {0}) the frame of this group consists of "Zp/H where 
pZp X {0} C H C Zp. Since H (/L p^Zp, T(ZjpZ x Zp) only involves part of the frame T{T?p) that 
has level zero and one. In particular, the subgroups K arise from taking a particular path in the 
level one portion of the frame of Z^, Ti < T2 < Ta . . . where r„ = Zp/(pZp x p^Zp) and all G-sets 
lying below the T,. See Figure [7] 



Level 1 




Size 1 3 9 27 81 243 729 



Figure 7: Portion of the frame TiZj'iZ x Z3). 

Theorem 6.13. If G = Z/pZ x Zp and p is odd, then Wg(Fp) is not reduced. 

Proof. Let's first establish some notation. Recall that ujt{cl) is the Witt vector which is zero at 
all coordinates except the coordinate T where it has the value a. We can think of Z/pZ x Zp 
as Zp/N where N = pZ x {0}. Doing so gives us an order-preserving correspondence between 
all G/iV-sets and the G-sets of the form G/H where N C H. Fix a Zp-basis {61,62} of Zp 
so that = Zp(pei) {0}. Denote by {Ti,T2, . . .} the Zp-sets where the stabilizer of Tj is 
Zp(pei) © Zp(p*62), so Ti < Tj+i. For i > 2, Ti covers exactly p + 1 G-sets: Tj_i and p others Uifl, 
Ui^i,. . . ,C/i,p-i where the stabilizer of Uifi is Zpei ® Zp(p*e2) for z > 2 and the stabilizer of Uij for 
j = 1, . . . ,p — 1 is Zp(pei + J62) + Zp(p*~^62). It is easy to verify for i > 2 that Uifi is covered by 
Ti, f/i+1,0, • • • , f^i+i,p-i- See the labeling in Figure [7j So, 
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• the unique cover of Tj is Tj+i, 



• the unique cover of Uij is Tj for < j < p, and 

• the covers of Ui^ are Tj and J7i+ij for < j < p. 

Since J^{G) = FiTj'^/N) embeds in J-"(Zp) we wiU think of the elements in the image, {Tj}j>i 
and {C/j,j}i>2,j=o,...,p-ii as elements of 

The following mod p congruence in Wg'(Z) will complete the proof that W(3(Fp) is not reduced. 
In Wg(Z) define x = uiu2^i{^)+^U2,2{~'^) and m = x^. We will show mj- = mod pZ[{X[7}(/gjr((^)] 
for all T, so under the natural ring homomorphism Wg(Z) — t- WG'(Fp), x has a nonzero image 
whose square is 0. 

We aim first to show 

ifT = f/2,l, 
-p2 ifr=?72,2, 

otherwise. 



Wr(x) 



If #r < then Wt(x) = 0. Also I^Ti(x) = 0. Since xt = for #T = p and xc/, ^ = 

for all W{/. ^- (x) = for aU i > 2 and j = 0, . . . , p — 1 and 1 (x) = p^ and VFt/j j (x) = —p^ . 

We now check that VFtv(x) = for all i > 1. We do this by direct verification. By definition 

Wy. (x) = ^ ^Uxjj . The only nonzero coordinates in x lying below Tj are [/2,i and C/2,2- 
U<T, 

Noting that #U2j = p^ for each j = 0, . . . ,p — 1 and removing the zero terms in the sum we have 
VFt,(x) = p2(;L)#T,/p2 ^ p2(_i)#T,/p2 ^ ^2(1 - 1) = since p is odd. 

We now turn our attention to the Witt vector m = x^. For any G-set T ^ {U2,i, U2,2,Ti : i > 2}, 
Wu{x) = for all U <T, so Wu{in) = for all U <T, which by induction gives that mj- = for 
any G-set T / U2,i, U2,2 or Tj for i > 2. We will show that niT = mod pZ[{Xu}ij^jri^Q-^] for any 
T £ {U2,uU2,2,Ti: i > 2}. 

We start with U2,i- By definition VFjyj -^(m) = VFj/j -^(x^) = Wf/j j(x)^ = p^. Expanding this out 
we have 

#yr.f-/*^=/- (31) 

V<U2,1 

Since my = for V < C/2,1 the only nonzero term on the left hand side of (31) is p^mu^ ^ and so 
p^mu^ 1 = which gives mu^ ^ = mod p (in fact this congruence is true mod p^ but we only 
need it mod p). A similar calculation shows that mu^ 2=0 mod p as well. 

Consider the coordinate Tj for i>2. We have already shown W7;(m) = IVj'. (x)^ = 0. Expand- 
ing this out we have 

E *yr4'''*'^ = 0- (32) 

V<T, 
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C/2,1 and V 



1/2,2 and V = Tj for 



The only nonzero terms in (32) are those with V 
j = 1, . . . ,i. Removing the zero terms, (32) becomes p'^rn^'^''J^ + p'^^fj'^'J^ + H^TiniTi = 0. Since 
= p^'^^ , moving terms over we see that p'^'^^mx^ = —p^{my^^ + m^^^) = — 2p^(p^P' so 
rriTi ~ — 2p-^P' We note that 2p*~^ > i — 1 for i > 2, which shows my. = mod p. □ 
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